
Index

Abel, N. H., 109
Abel's formula, 246
Abramowitz, M., 102, 257, 451
Absolute convergence, 8, 41
Addition formulas for Bessel functions,

244, 265-267, 293-294
associated Laguerre polynomials, 220
confluent hypergeometric functions,

394
Hermite polynomials, 213
Laguerre polynomials, 220

Airy functions, 312
Airy's equation, 282, 312
Alternating harmonic series, 10-12, 26

series test, 10
Andrews, L. C., 36, 120, 181, 240, 280,

328, 366, 383, 408, 438-439
Anger function, 315
Appel's symbol, 358
Arfken, G., 316, 451
Artin, E., 451
Askey, R. A., 451
Associated Laguerre polynomials,

218-220, 222-223, 247, 264,
378-380

addition formula for, 220
differential equation for, 219
generating function for, 219
orthogonality of, 224
recurrence relations for, 219-220
Rodrigues' formula for, 219
series representation of, 218

Associated Legendre functions, 186-192,
199-200, 346, 375

differential equation for, 186, 345-346
generating function for, 191
orthogonality of, 190
recurrence relations for, 189-190
Rodrigues' formula for, 189

Asymptotic formulas:
for Bessel functions, 240-241, 227-278,

294, 316-321
for complementary error function, 113
for confluent hypergeometric functions,

390-392
for digamma function, 97
for exponential integrals, 127-128,

130-131
for Fresnel integrals, 118
for gamma function, 99
for incomplete gamma function, 88
for logarithmic integral, 131
for polygamma functions, 107
for Whittaker functions, 407

Asymptotic series, 47-54
about infinity, 50

zero, 49

Bateman, H., 418
Bell, W. W., 183, 367, 451
Bernoulli, D., 237
Bernoulli, J., 96
Bernoulli numbers, 96
Bessel, F. W., 237
Bessel functions, 47, 89, 225, 237-355

Airy, 312
Anger, 315
asymptotic formulas for, 240-241,

277-278, 294, 316-321
of the first kind, 238-273

addition formulas for, 244, 265-267
argument zero, 240
asymptotic formulas for, 240-241,

316, 319
differential equation for, 243
generating function for, 238-240
graph of, 240
half-integral order, 241, 302

473
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Bessel functions, of the first kind (Cont.):
infinite series of, 269-271
integral representations of, 248-250
integrals of, 256-262
Lommel integrals, 258
Lommel's formula for, 246
negative order, 239
orthogonality of, 267
products of, 418
recurrence relations for, 242-243
series representation of, 239, 241
zeros of, 240

Hankel, 308-309
integral, 314-315
Kelvin, 311-312
modified, 287-301, 344-345, 448

(See also Modified Bessel function)
of the second kind, 273-280

asymptotic formulas for, 277-278,
316, 319

graph of, 277
recurrence formulas for, 278
series representation of, 274-276

of the third kind (see Hankel
. functions)

spherical, 302-308, 346
Struve, 309-310
Weber, 315
Wronskians of, 246, 279, 294, 315

Bessel polynomials, 417
Bessel series, 269-271

convergence of, 270
Bessel's problem, 250-253
Beta function, 82-86

incomplete, 86, 376
relation to gamma function, 83
symmetry property of, 82

Binomial coefficient, 16
Binomial series, 27-28
Bowman, F., 134
Brice, C. S., 408
Buckling problem, 327-330

Campbell, R., 63
Carlson, B. C., 451
Cauchy-Euler equation, 200-201
Cauchy product, 14
Chebyshev polynomials, 153, 228-231,

375
argument unity, 233

zero, 233
differential equations for, 230
generating function for, 153, 235

Chebyshev polynomials (Cont.):
orthogonality of, 230
recurrence relations for, 230
series representation of, 229
tables of, 229

Cherin, A. H., 353
Chi-squared distribution, 337
Christoffel-Darboux lemma, 177
Confluent hypergeometric function,

386-409, 430-431, 433-434, 440,
446-448

addition formulas for, 394
asymptotic formulas for, 390-392
contiguous function relations for, 387
derivatives of, 386-387, 390
differential equation for, 388

Liouville standard form of, 404
integral representations of, 388
Kummer's transformation for, 388
multiplication formulas for, 394
relation to other functions, 395-403
of the second kind, 388-390, 440, 446

asymptotic formulas for, 391-392
contiguous relations for, 394
derivatives of, 390
integral representation of, 390
Kummer's relation for, 394
relation to other functions, 395-403

series representation of, 386
Whittaker functions, 403-409
Wronskian of, 394

Contiguous function relations (see
Confluent hypergeometric function;
Hypergeometric function)

Convergence:
abosolute, 8, 41
conditional, 8, 41
pointwise, 21, 43, 57
tests of, 6-11, 42-44
uniform, 22, 44

Cosine integral, 129-130
Cylinder function (see Bessel functions)

Debnath, L., 80
Differential equation:

Airy, 282
associated Laguerre, 221
associated Legendre, 186, 345-346
Bessel, 243
Cauchy-Euler, 200-201
Chebyshev, 230
confluent hypergeometric, 388

Liouville standard form of, 404
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Differential equation (Cont.):
Euler-Tricomi, 441
Gegenbauer, 227
heat, 120, 339
Helmholtz, 345-346, 351
Hermite, 207
hypergeometric, 365, 441
Jacobi, 233
Laguerre, 216
Laplace, 192, 340, 343
Legendre, 151-152, 377
modified Bessel, 288, 344
related to Bessel's equation, 280-282
Schrödinger, 210, 221
spherical Bessel, 302

Digamma function, 90-99
argument positive integer, 93
asymptotic series for, 97
graph of, 91
integral representation of, 94-95
recurrence formula for, 92
series representation of, 90, 93

Duplication formula, 70

E function, 425-426
Elliptic functions, 137-138
Elliptic integrals, 133-135

complete, 133-135
series representation of, 135

Erdelyi, A., 363, 451
Error function, 110-113, 123, 430

argument infinite, 110
negative, 110
zero, 110

complementary, 110-111, 121
asymptotic series for, 112-113

graph of, 111
series representation of, 110
table of values for, 111

Euler, L., 61
Euler formulas, 76
Euler-Macheroni constant, 72
Euler-Tricomi equation, 441
Even function, 36
Exponential integral, 126-128

asymptotic formula for, 127-128,
130-131

graph of, 128
series representation of, 127

Factorial, 15
Fourier coefficients, 33, 35
Fourier, J., 237

Fourier trigonometric series, 33-39
convergence of, 36
cosine, 36-37, 253-254
sine, 36-37, 252-253, 345

Fox, L., 231
Fractional-order derivatives, 79-80
Fresnel integrals, 113-114, 123

asymptotic series for, 118
graph of, 114
series representation of, 117

Frink, 0., 417
Frullani integral representation, 94

G function (see Meijer G function)
Gamma distribution, 79

moments of, 79
Gamma function, 62-82

argument infinite, 66
negative, 68
negative integer, 62
odd half-integer, 71
positive integer, 63
zero, 65

asymptotic series for, 99
derivative of, 65
duplication formula for, 70
graph of, 66
incomplete, 87-89
infinite product for, 71-73
integral representation of, 64
recurrence formula for, 63
Stirling's formula for, 70, 98
table of values for, 67

Gauss, C., 62, 357
Gaussian distribution (see Normal

distribution)
Gegenbauer polynomials, 226-228, 265,

294,375-376
argument unity, 233

zero, 233
differential equation for, 227
generating function for, 226
orthogonality of, 227
recurrence relations for, 227
relation to Chebyshev polynomials,

228
Hermite polynomials, 228
Jacobi polynomials, 233
Legendre polynomials, 227

series representation of, 227
Generalized hypergeometric functions,

411-450,447-448
derivative of, 416
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Generalized hypergeometric functions
(Cont. ):

E function, 425-426
Meijer G function, 419-428
relations to other functions, 413, 420
series representation of, 412

Generating function:
for associated Laguerre polynomials,

219
for associated Legendre functions, 191
for Bessel functions, 238-240
for Chebyshev polynomials, 153, 235
for Gegenbauer polynomials, 226
for Hermite polynomials, 204, 211
for hypergeometric polynomials, 369
for Jacobi polynomials, 231
for Laguerre polynomials, 214
for Legendre polynomials, 142-146

Geometric series, 4-6
Gradshteyn, I. S., 451
Grosswald, E., 417

Hankel functions, 308-309
spherical, 309

Harmonic oscillator, 209-211
Harmonic series, 8
Heat equation, 120, 339
Helmholtz equation, 345-346, 351
Hermite functions, 397-399
Hermite polynomials, 204-214, 396-397

addition formula for, 213
argument zero, 211
differential equation for, 207
generating function for, 204, 211
infinite series of, 208-209
integral representation of, 205
orthogonality of, 207
recurrence relations for, 206-207
Rodrigues' formula for, 205
series representation of, 204
table of, 205

Hermite series, 208-209
convergence of, 208

Hochstadt, H., 451
Hypergeometric function, 361-384,

441-442
argument negative one, 370

one-half, 370
unity, 365, 368-369

contiguous function relations for, 363,
367-368

derivatives of, 362
differential equation for, 365, 441

Hypergeometric function (Cont.):
integral representation of, 364
of the second kind, 370
relation to other functions, 370-377
series representation of, 361
symmetry property of, 362
Wronskian of, 370
(See also Generalized hypergeometric

functions)
Hypergeometric polynomials, 362, 369

generating function for, 369
Hypergeometric series, 361

generalized, 412
(See also Generalized hypergeometric

function; Hypergeometric function)

Improper integrals, 39-47
convergence of, 40-41, 43, 44
differentiation of, 45
divergence of, 40-41
of the first kind, 39-40

second kind, 41
integration of, 44
partial integral of, 43
Weierstrass M-test for, 44

Incomplete gamma function, 87-89
complementary, 87

asymptotic series for, 88
series representation of, 87

Infinite product, 55-59
associated series, 56-57
convergence of, 55, 57
divergence of, 55
for cosine function, 58

gamma function, 71-73
sine function, 58

partial product of, 55
Infinite sequence, 2
Infinite series, 2, 21

alternating, 7
asymptotic, 47-54
binomial, 27-28
convergence of, 3, 6-11
differentiation of, 24-25
divergence of, 3, 6-11
double, 13
Fourier, 33-39
geometric, 4-6
harmonic, 8
integration of, 24
operations with, 11-15
partial sum of, 2, 21
p-series, 8
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Infinite series (Cont.):
positive, 7
power, 25
product of, 14
uniqueness of, 29
Weierstrass M-test for, 22

Integral Bessel function, 314-315
Integral test for series, 8

Jackson, D., 180, 451
Jacobi, C. G. J., 109
Jacobi polynomials, 231-233, 376

differential equation for, 233
generating function for, 231
orthogonality of, 233
recurrence formula for, 233
series representation of, 231

Jacobian elliptic function, 137-138
Jahnke, E., 451

K distribution, 337
Kellogg, 0. D., 142
Kelvin functions, 311-312
Kemble, E. C., 211
Kepler, J., 251
Krall, H. L., 417
Kummer, E. E., 385
Kummer's function (see Confluent

hypergeometric function)
Kummer's relation, 394
Kummer's second formula,. 416
Kummer's transformation, 388

Laguerre functions, 399-400, 409
Laguerre polynomials, 214-218, 296,

339, 435
addition formula for, 220
argument zero, 223
associated, 218-220, 222-223, 247,

264, 378-380
differential equation for, 216
generating function for, 214
infinite series of, 217-218
orthogonality of, 217
recurrence relations for, 215-216
Rodrigues' formula for, 215
series representation of, 215
table of, 215

Laguerre series, 217-218
convergence of, 218

Laplacian, 193, 201-202, 349
Laplace integral formula, 158
Laplace's equation, 192-193, 340, 343

Lebedev, N. N., 114, 130, 209, 298, 451
Lee, J. S., 408
Legendre, A., 61
Legendre duplication formula, 70
Legendre function, 373-374

associated, 186-192, 199-200, 346, 375
differential equation for, 377
of the first kind, 373

second kind, 181-186
recurrence relations for, 183, 374
Wronskian of, 185

Legendre polynomials, 47, 142-181,
195-197, 247, 264, 272, 308, 370,
372-373

argument minus one, 147
unity, 147
zero, 148

bounds on, 159
differential equation for, 151-152, 194,

377
finite series of, 165-167
generating function for, 142-146
graph of, 146-147
infinite series of, 167-181
integral representation of, 158
orthogonality of, 163
recurrence relations for, 149-151
Rodrigues' formula for, 157
series representation of, 147
tables of, 145-146
trigonometric argument, 146

Legendre series, 165-167, 196
convergence of, 175-180

Liouville standard form, 404
for confluent hypergeometric equation,

404
Logarithmic derivative function (see

Digamma function)
Logarithmic integral, 128-129

asymptotic formula for, 131
graph of, 129
series representation of, 129

Lommel's formula, 246
Luke, Y. L., 451

Macdonald's function (see Modified
Bessel function of the second kind)

Maclaurin series, 27
MacRobert, T. M., 373, 425
MacRobert E function, 425-426
Magnus, W., 451
Mathai, A. M., 412
Meijer, C. S., 419-420
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Meijer G function, 419-428
properties of, 420-423
relation to other functions, 420

Miller, L. E. 408
Modified Bessel functions, 287-301,

344-345, 448
addition formulas for, 293-294
asymptotic formulas for, 294, 317-319
differential equation for, 288, 344
of the first kind, 288-290

second kind, 290-291
generating function for, 292-293
graphs of, 289, 291
half-integral order, 289, 305-306
integral representations of, 298
integrals of, 299-300
recurrence relations for, 291-292
series representation of, 288-291
spherical, 305-306
Wronskian of, 294

Mohapatra, R. N., 438
Multiplication formulas, 394

Neumann formula, 184
Normal distribution, 81, 118-119,

333-334, 431
moments of, 81

Oberhettinger, F., 451
Odd function, 36
Olver, R. W. J., 451
Orthogonality relations:

associated Laguerre polynomials, 224
associated Legendre functions, 190
Bessel functions, 267
Chebyshev polynomials, 230
Gegenbauer polynomials, 227
Hermite polynomials, 207
Jacobi polynomials, 233
Laguerre polynomials, 217
Legendre polynomials, 163

Oscillating chain, 282-284

P-series, 8
(See also Riemann zeta function)

Parabolic cylinder function, 407
Parker, I. B., 231
Partial integral, 43

product, 55
sum, 2, 21

Pendulum problem, 135-138
lengthening, 323-327

Phillips, R. L., 383

Piecewise continuous function, 36, 174
smooth function, 175

Pochhammer symbol, 358-361
Poincaré, J. H., 50
Pointwise convergence, 21, 43, 175-180
Poisson, S. D., 249
Polygamma functions, 100-102

argument unity, 100
asymptotic series for, 107
series representation of, 100-101
(See also Digamma function)

Power formula for series, 31
Product (see Infinite product)
Psi function (see Digamma function)

Radius of convergence, 25
Rainville, E. D., 57, 62, 361, 365, 451
Ramanujan's theorem, 416
Ratio test, 10
Rayleigh distribution, 81, 336, 434

moments of, 338
Rician distribution, 335, 430, 433

moments of, 435
Riemann, G., 62
Riemann lemma, 175
Riemann zeta function, 8, 100, 102-103

graph of, 104
special values of, 105

Rodrigues' formula:
for associated Laguerre polynomials,

219
for associated Legendre functions, 189
for Hermite polynomials, 205
for Laguerre polynomials, 215
for Legendre polynomials, 157

Ryzhik, I. M., 451

Saxena, R. K., 412
Schrödinger's equation, 210, 221
Semiconvergent series (see Asymptotic

series)
Sequence, 2

of partial sums, 2
Series (see Infinite series)
Shivamoggi, B. K., 439
Sine integral, 129-130
Slater, L. J., 451
Smooth function, 175
Sneddon, I. N., 451
Spherical Bessel functions, 302-308, 346

asymptotic formulas for, 317-319
differential equation for, 302
graphs of, 304
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Spherical Bessel functions (Cont.): Ward, K. D., 336
Hankel, 309 Watson, G. N., 103, 184, 266, 308, 451
modified, 305-306 Wave equation, 339-340
recurrence relations for, 305 Weber function, 315
series representation of, 303 Weber's integral formula, 261
Wronskian of, 308 Weierstrass, K., 61

Spherical harmonics, 222 Weierstrass infinite product, 71-73
Springer, M. D., 424 Weierstrass M-test:
Stegun, I., 102, 257, 451 for improper integrals, 44
Stirling, J., 98 for infinite series, 22
Stirling's formula, 70, 98 Whittaker, E. T., 103, 184, 385
Stirling's series, 99 Whittaker functions, 403-409
Struve functions, 309-310 asymptotic formulas. for, 407
Stuart, J. T., 438 Wronskian of, 408

Wronskian:
Taylor series, 27 of Bessel functions, 246, 279, 294, 315
Tchebysheff (see Chebyshev) of confluent hypergeometric functions,
Tests of convergence: 394

for improper integrals, 42-44 of hypergeometric functions, 370
for infinite series, 6-11 of Legendre functions, 185

Thompson, W. E., 424 of modified Bessel functions, 294
of spherical Bessel functions, 308

Ultraspherical polynomials (see of Whittaker functions 408
Gegenbauer polynomials)

Uniform convergence, 22, 44
Uniform distribution, 431 Zeros of Bessel functions, 240

Zeta function (see Riemann zeta
Vajravelu, K., 438 function)
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