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1 Introduction

Abstract. A fluorescence diffuse tomography (FDT) setup for monitor-
ing tumor growth in small animals has been created. In this setup an
animal is scanned in the transilluminative configuration by a single
source and detector pair. To remove stray light in the detection system,
we used a combination of interferometric and absorption filters. To
reduce the scanning time, an experimental animal was scanned using
the following algorithm: (1) large-step scanning to obtain a general
view of the animal (source and detector move synchronously); (2)
selection of the fluorescing region; and (3) small-step scanning of the
selected region and different relative shifts between the source and
detector to obtain sufficient information for 3D reconstruction. We
created a reconstruction algorithm based on the Holder norm to esti-
mate the fluorophore distribution. This algorithm converges to the
solution with a minimum number of fluorescing zones. The use of
tumor cell lines transfected with fluorescent proteins allowed us to
conduct intravital monitoring studies. Cell lines of human melanomas
Mel-P, Mel-Ibr, Mel-Kor, and human embryonic kidney HEK293 Phoe-
nix were transfected with DsRed-Express and Turbo-RFP genes. The
emission of red fluorescent proteins (RFPs) in the long-wave optical
range permits detection of deep-seated tumors. In vivo experiments
were conducted immediately after subcutaneous injection of fluoresc-

ing cells into small animals. © 2008 Society of Photo-Optical Instrumentation Engi-
neers. [DOI: 10.1117/1.2953528]

Keywords: fluorescence diffuse tomography; whole-body imaging; fluorescent
proteins; molecular imaging; algebraic reconstruction technique; Holder norm.

Paper 07420SSR received Oct. 9, 2007; revised manuscript received Mar. 7, 2008;
accepted for publication Apr. 14, 2008; published online Aug. 25, 2008.

visualization at depths up to 1to 2 cm with millimeter
resolution.””’ Therefore, RFP-labeled tumors can be regarded

Fluorescent imaging based on the specific marking of tumors
is widely used in experimental oncology. Generally, fluores-
cent agents are selectively accumulated in cancer cells due to
their chemical nature or through binding with specific proteins
such as antibodies for tumor antigens. The possibility to in-
troduce genes of a particular class of fluorophores—
fluorescent proteins (FPs)—into cells enabled the develop-
ment of a new method: genetic marking. The fluorescence
ability of FPs persists for the whole life of a cancer cell and
remains after cell division. As a result, it becomes possible to
estimate tumor growth rate, to study the mechanism of car-
cinogenesis and metastasis formation, and to investigate the
safety and efficacy of intervention using novel thelrapeutics.l’4
Recently, a new group of FPs—red fluorescent proteins
(RFPs)—was isolated, and they became useful as markers for
whole-body biological imaging. The fluorescence spectrum of
these proteins is in the relatively long-wave part of the spec-
trum (580 to 650 nm), a region that is promising for object
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as the most appropriate model for whole-body investigations.

Fluorescence tomography—time domain (TD), frequency
domain (FD), and continuous wave (CW)—use reconstruction
algorithms that account for the effects of diffuse light propa-
gation in tissue.**' Appropriate theoretical model of photon
propagation in tissues with the corresponding mathematical
inversion permits one to determine, with high resolution, the
real boundaries of tumors located deep in animals. These
techniques are used mainly to investigate the distribution of
near-infrared fluorescent probes. Only a few works have been
devoted to fluorescence diffuse tomography (FDT) with exci-
tation in visible light."” ' Highly sensitive systems are re-
quired to detect fluorescent light at large depths
(>5 to 7 mm) due to the high absorption rate of biological
tissue in this spectral range. Photomultiplier tubes (PMTs) and
cooled charge-coupled devices (CCD) are traditionally used
for fluorescence detection. By employing a CCD, one can
collect data from many source-detector positions in a rela-
tively short time."”* But a CCD with analogous sensitivity is
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Fig. 1 Algorithm of scanning an experimental animal (a) by FDT setup: obtaining a general view of the animal (b), and scanning of the selected

fluorescing region with different shifts between source and detector (c) (

Reconstructed distribution of fluorophore concentration (d).

expensive and does not allow one to use modulated light.
Moreover, the large data volume (10° to 108 source-detector
points) obtained with a CCD is usually merged into an array
with smaller size for 3D reconstruction. The systems with
multiple detectors coupled with fibers, which make contact
with an experimental animal through an immersion liquid, are
also well known."* These systems also have high acquisition
rates; but they are complex, and the distance between their
collecting fibers is fixed and does not allow for detailed scan-
ning.

In our FDT setup, we used a single source-detector pair
and a mechanical scanning system. This device is more time-
consuming for animal scanning but has a lower cost than the
systems described above. Programmable source and detector
positions enable one to set the optimal law of source-detector
travel. To reduce the time of investigation, an experimental
animal was scanned using the following algorithm (Fig. 1):
(1) large-step scanning to obtain a general view of the animal
(source and detector move synchronously); (2) selection of
the fluorescing region; and (3) small-step scanning of the se-
lected region and different relative shifts between the source
and detector to obtain sufficient information for 3-D recon-
struction. To optimize the detailed scanning procedure, we
chose scanning parameters (scanning area, scanning step
sizes) according to the recommendations given in Ref. 22.
The detector was set as close as possible to the surface of the
mouse. This enabled us to collect fluorescent light with a
higher numerical aperture (NA), thus providing a higher sig-
nal. The detector consisted of diaphragms, filters, an optical
beam, and a PMT module. The sensitivity of such a system is
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d,, d,—shifts between source and detector in the scanning plain xy).

also determined by the optical density (OD) of the optical
filters. The OD of interferometric filters is limited to the value
of 5. Using a combination of interferometric and absorption
filters allowed us to achieve an OD value of 6. We applied
low-frequency modulation to increase the signal-to-noise ra-
tio. Plane geometry was used in our FDT setup to minimize
the thickness of the transilluminating tissue. Thus, the decay
of the light propagated through the mouse was minimized.

The algebraic reconstruction technique (ART) is a power-
ful method for reconstruction of the fluorophore
concentration.'***** This algorithm provides good transversal
resolution but poor in-depth resolution for plane geometry if
no information about transmitted excitation light has been ob-
tained. This is the result of the ART’s instability in relation to
the errors in the kernel of the solving equation [errors of ma-
trix A in the system of linear equations Eq. (3)]. In this paper
we suggest the reconstruction algorithm with the Holder norm
to minimize discrepancy. This algorithm decreases the num-
ber of voxels with a nonzero fluorophore concentration in the
reconstructing distribution of the fluorophore, thus decreasing
the “freedom” of the solution. Hence, the result of the recon-
struction appears “nearer” to the true distribution compared
with the ART.

We performed a series of model and in vivo experiments
with nude mice after injecting them with Turbo-RFP and
DsRed-Express-HEK293 cells. The ability of the FDT method
to detect fluorescent-marked cells in an animal body and to
conduct monitoring experiments was demonstrated. Three-
dimensional tumor reconstruction in the model and in vivo
experiments was performed.
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Fig. 2 Schematic of the FDT experimental setup.

2 Materials and Methods
2.1 FDT Experimental Setup

Experiments with FDT were performed using FPs from the
RFP family: DsRed2, DsRed-Express, and Turbo-RFP. These
proteins have similar positions of fluorescence maximums in
the red-orange spectral region and are suitable for whole-body
imaging. Low-frequency modulated light (f,=1 kHz) from a
Nd:YAG laser with second-harmonic generation at a 532-nm
wavelength (ATC-Semiconductor devices, Russia), which is
close to the absorption maximum of RFPs, was used in the
experimental setup (Figs. 2 and 3). The power on the investi-
gated object was 20 mW, the beam diameter was 0.5 mm, the
aperture of the detector was 0.5 mm, and the NA of the de-
tector was 0.22. A dichroic mirror was placed behind the input
diaphragm to separate emission (540 to 650 nm) and excita-
tion (532 nm) light transmitted through the experimental ani-
mal. The transmitted excitation light was detected by an Ed-
mund Optics photodetector (photodetector 2 in Fig. 2). To
detect fluorescent light, we used a high-sensitivity cooled
PMT Hamamatsu H7422-20. The suppression of excitation

Dichroic Experimental
mirror, filters, animal

Cooled madule
(560 —900 nm) ~ motors

Stepping

Fig. 3 FDT experimental setup created at the Institute of Applied
Physics, Russia.
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spectra at the detector input of the PMT module was approxi-
mately 6 ODs. This value was achieved by using the inter-
ferometric filter (Chroma Technology, USA) in combination
with the absorption filter. The absorption filter was installed
between the interferometric filter and the detector. This instal-
lation prevented possible fluorescence of the absorption filter.
The interferometric filter had a sharper edge transmittance
curve than the absorption filter, so, the short-wavelength part
of the fluorescence spectrum was suppressed stronger than the
long-wavelength part. But in the case of an RFP, the short-
wavelength part of the fluorescence spectrum has a much
higher absorption coefficient and can be neglected.

During the experiment, an animal was placed vertically in
a container consisting of a supporting plate and a covering
glass plate that was slightly pressed to fix the animal. The
distance between the plates was about 1 cm. Synchronous
scanning of the object in the transilluminative configuration
was provided by a single pair of a source and a detector set in
motion by stepping motors (Intelligent Motion Systems, Ko-
rea).

One source-detector measurement took about 50 ms. Ob-
taining a general view of the animal with large steps [when
the source and detector move synchronously, Fig. 1(b)] took
about 2 to 3 minutes, and detailed scanning of the fluorescent
region [Fig. 1(c)] for 3D reconstruction took about
20 minutes.

2.2 Reconstruction of the Fluorophore Concentration

Fluorescent signal P can be written in the following form:*%

P(rd,rs):JE(r)G(|r—rS|,|rd—r|)d3r, (1)
where rg and ry are detector and source coordinates, (r) is
the fluorophore distribution (the product of the absorption

cross-section and the fluorescence quantum yield), and G is a
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Fig. 4 Typical solving vectors v for reconstruction algorithm based
fluorophore distribution shown in Fig. 5).

Green’s function that defines the fluorescence response mea-
sured at the distance |rq—r| from a point fluorophore located
at the distance |r—rg from the source. In the diffusion ap-
proximation of the radiative transport equation, G can be writ-
ten in the following form:*%°

exp(= ;R — a,R»)

G(R,Ry))=C
(Ry.R:) ir

()
Here, a; and a, are diffusion attenuation coefficients for ex-
citation and fluorescent light, respectively, and C accounts for
the boundaries. Boundary conditions are the following:24

d
a(Rl,Rz);]G(RuRz) +G(R,R,) =0,

where d/dn is the derivative in the direction of the outer
normal to the surface, and « is the arbitrary function. This
condition is determined by the method of images described in
Refs. 9 and 27.

To solve the inverse task for Eq. (1), one can write it in
discrete form:"

2(r) — v;P(r,r,) — PG(|r -,

Jrg—r)) — A

ij

Av=p. (3)

Here, j=1..N, N:NXN},NZ is the number of voxels of un-
known fluorophore distribution (where N,, N,, and N, are the
number of voxels in the X, Y, and Z di}ections), and i
=1..M is the projection number (the number of raw data for
the source and detector ry; and ry coordinates). Each voxel
with (x,y,z) coordinates can be numbered as following:

j=x=1NN +(y-1)N, +z.

The main features of matrix A are well known: big size
(usually N>10%), bad conditionality (about 10'7), no zero
elements, and positively defined. Unfortunately, such methods
as the Gaussian algorithm, the inversion of matrix A, the de-
termination of eigenvectors, etc., are not applicable for solv-
ing the inverse task of Eq. (3). Therefore, iteration algorithms
are usually used to solve Eq. (3). Traditionally, Eq. (3) has
been solved by the ART or its modifications (such as multi-
plicative algebraic reconstruction technique, simultaneous al-
gebraic reconstruction technique, etc.).*?** As was men-
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on the Holder norm with ¢=2, ¢=107°, and £=0 (corresponding to the

tioned above, this algorithm has poor in-depth resolution for a
planar configuration. To improve the in-depth resolution, we
suggest another algorithm based on the Holder norm. The
Holder norm of arbitrary vector v can be written as follows:

N 1/¢
lolle= (2 Iv,-l‘f) : )
j=1

The main feature of this norm is: if £—0, then the value of
||v||§—>N ', where N' <N is the number of nonzero elements
of vector n. In other words, by minimizing Eq. (4) among all
the solution sets of Eq. (3), we obtain the minimum number of
reconstruction “peaks” of vector n. It corresponds to the mini-
mum number of zones with a nonzero fluorophore concentra-
tion. The special case §=2 corresponds to the ART. An ex-
ample of typical solving vectors v for £€=2, é=107>, and &
=0 is shown in Fig. 4. As shown in Fig. 4, the lower the value
of &, the fewer peaks there are in the solving vectors.

The iteration procedure for an algorithm with the mini-
mum Holder norm [Eq. (4)] and £€—0 has the following
form:

v® = Dy [ ANADG [v M ]AT} p, (5)

where D (v) :diag[(vf+ €)¥2711is a diagonal matrix, and & is
a small positive number (usually 1076 to 10~°). The derivation
of this formula is described in the Appendix. A comparison of
the reconstruction results using the ART and the Holder norm
is presented in Fig. 5. As shown in Fig. 5, the reconstruction
by the ART [Fig. 5(b)] has rather poor in-depth resolution
than the reconstruction using the Holder norm [Figs. 5(c) and
5(d)]. By decreasing the Holder norm exponent factor &, we
decrease the number of voxels with a nonzero fluorophore
concentration in the reconstructed array, thus decreasing the
“freedom” of the solution. Hence, the result of the reconstruc-
tion appears “nearer” to the true distribution for small values
of & This corresponds to a better spatial resolution. The num-
ber of iterations for the algorithm convergence does not de-
pend too much on the factor &, except in the special case &
=2 when the algorithm consists of a single iteration. The
value of & regulates the influence of errors in Eq. (3) (in the
left part as well as in the right part) on the solution. We
recommend choosing a & value in the range of 0.2<§¢<1.5,
because if £ is less than 0.2, the reconstruction is not robust; if
¢ is greater than 1.5, there is no advantage over the ART.
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Fig. 5 Numerical experiment of reconstruction of two fluorescent inclusions in scattering medium: (a) initial distribution of the fluorophore
concentration in the XZ plane; (b) reconstruction of the fluorophore distribution using the ART; (c) and (d) reconstruction of the fluorophore

distribution based on the Holder norm with £&=107° and ¢=1, respectively.

We should note that this reconstruction method has two
significant disadvantages: (1) it must allocate memory for
auxiliary data, and (2) it is more time consuming than the
ART. For example, the computational time on a four-core,
2.2-GHz processor is about two hours for 1500 source-
detector measurements and 3500 voxels in the reconstructing
volume.

2.3 Fluorescent Proteins

The properties of the FPs used in this work are shown in
Table 1. The proteins have similar positions of fluorescence
maximums in the red-orange spectral region. Fluorescent pro-
tein DsRed-Express has better properties than RFP DsRed?2.
DsRed-Express is a rapidly maturing variant of the Disco-
soma sp. RFP (DsRed). It contains nine amino acid substitu-
tions that enhance its solubility and reduce its green emission.
DsRed-Express displays a reduced tendency to aggregate and
hence a lower toxicity to cells. TurboRFP is a novel RFP
derived from anemone Entacmaea quadricolor. Possessing
high photo and pH stability, TurboRFP has a quantum yield
and an extinction coefficient higher than those of DsRed2, and
it is about twice as bright as DsRed2. The fast maturation of
DsRed-Express and TurboRFP makes them clearly detectable

Table 1 Properties of Turbo-RFP, DsRed2, and DsRed-Express (see
www.evrogen.com and Refs. 28-31).

DsRed-

Characteristics Turbo-RFP DsRed?2 Express
Excitation max (nm) 553 563 557
Emission max (nm) 574 582 579
Quantum yield 0.67 0.55 0.4

Extinction coefficient (M-1ecm-1) 92 000 43 800 30 100

in mammalian cells as early as 8 to 12 hours after
transfection.™

Human melanoma cell lines were received from the Insti-
tute of Experimental Diagnostics and Therapy of Tumors at
the N. N. Blokhin Russian Cancer Research Center. The plas-
mids pDsRed2-Cl1, pDsRed-Express-C1 (Clontech, USA),
and Turbo-RFP-C (Eurogen, Russia) were used for transfec-
tion. We obtained cell lines of human melanomas Mel-P, Mel-
Ibr, Mel-Kor, and human embryonic kidney HEK293 Phoe-
nix, which express the RFPs. The fluorescence intensity of the
transfected cells substantially exceeded the intensity of the
initial nontransfected cells. It was demonstrated that transfec-
tion did not change the tumor cell growth rate or morphology.
Examples of microphotographies of cells and their fluores-
cence spectra at different time points after transfection are
shown in Fig. 6.

3 Results

A series of model and in vivo experiments were conducted
using the experimental FDT setup described above.

3.1 Model Experiment

The scheme of the model experiment is shown in Fig. 7 (left
side): a quartz box 50X 27 X 19 mm (W X H X D) containing
a water solution of intralipid and Indian ink. The absorption
coefficient of the bulk medium was w,=0.1 cm™!, and the
reduced scattering coefficient was u, =4 cm™!. A glass cap-
sule with an internal diameter of 2.5 mm containing DsRed2
with a concentration of 107 M/1 was placed in the center of
the box. The bulk solution was added to the DsRed2 to pro-
vide the same scattering parameters in the capsule as those in
the surrounding medium. The average absorption coefficient
in biotissue is higher than that in the model medium, but the
thickness of the quartz box was higher than the thickness of
the experimental animal. In this experiment we simulated the
same attenuation of light propagated through the whole model

Brightness 61.6 24.1(35.8) 12,6 medium as that in the in vivo experiment. It is more conve-
Structure dimer tetramer tetramer nient in a thicker model medium to simulate small (on the

scale of the whole medium) fluorescent tumors located at dif-
Detection in mammalian cells 8-12 36-48 8-12 ferent depths. The results of the 3-D reconstruction of the
(hrs after transfection) fluorophore concentration in the XY and XZ planes are shown

in Fig. 7 (right). The figure shows that the results of the re-
Journal of Biomedical Optics 041310-5 July/August 2008 < Vol. 13(4)
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Fig. 6 (a) Microphotography, and (b) fluorescence spectra of stably fluorescing Mel-Kor-DsRed-Express cells. (c) Microphotography, and (d)
fluorescence spectra of transitory transfected HEK293-Turbo-RFP cells.
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Fig. 7 Results of 3-D reconstruction of the fluorophore concentration in the model medium: a glass capsule containing DsRed2 suspension was

placed in a quartz box 5027 X 19 mm (W XHXD) in size containing a water solution of intralipid and Indian ink. Bulk scattering medium:
#,=0.1cm™, pl=4 cm™.
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Fig. 8 Fluorescent images obtained in a transillumination configura-
tion of source and detector of a nude mouse after injection of
HEK293-Turbo-RFP cells. The images were obtained (from left to
right) immediately after injection, 24 hours later, and 48 hours later.
Number of cells: 1.7 million; suspension volume: 50 ul.

construction are in good agreement with the initial fluoro-
phore distribution.

3.2 In Vivo Experiments

Whole-body FDT experiments were performed using
HEK?293 cells transfected with RFPs. A suspension of fluo-
rescing HEK293 cells was injected subcutaneously into a fe-
male 12-week old nude mouse. Before the experiment, the
anaesthetized animal was fixed on the supporting plate of the
container. A 50-ul suspension containing 1.7 million of cells
was used in our experiments with Turbo-RFP. The FDT data
of the mouse were obtained before the injection of the
HEK?293-Turbo-RFP suspension, then immediately after the

N 15 mm

A 5000

A

IOV

10 mm

Y

12 mm
e

injection, and 24 and 48 hours later (Fig. 8). The maximal
intensity increase of the fluorescent signal was observed im-
mediately after the injection. The results of subsequent imag-
ing indicate a decrease of fluorescence intensity, possibly due
to a redistribution of fluorescing cells near the region of in-
jection. In the injection zone of the untransfected control
HEK?293 cells, no changes in fluorescence intensity were reg-
istered.

The results of 3-D reconstruction in our in vivo experi-
ments are shown in Fig. 9. In this series of experiments, we
used a 50-ul suspension containing 50,000 HEK293Turbo-
RFP cells. As is clear from the results of the reconstruction,
the concentration of the fluorophore is higher on the surface
of the animal, namely in the injection area.

4 Discussion

The results of our experiments demonstrate the ability of the
FDT method to detect fluorescence-marked cells in a small
animal body, to perform 3-D tumor reconstruction, and to
carry out monitoring experiments. These results may be used
to investigate tumor growth and metastasis formation mecha-
nisms, and to estimate therapeutic responses.

The fluorescence of stably transfected cell lines Mel-P,
Mel-Ibr, and Mel-Kor can be detected for a rather long period
after transfection. Utilization of these cells seems to be the
most appropriate approach for long-term monitoring studies.
Transitory transfected HEK293 cell lines fluoresce for only
7 days, though the fluorescence intensity of these cells ex-
ceeds that of transfected melanoma cells. Thus, we can use
the less number of HEK293 than melanoma cells for a short-
term in vivo experiment. In the present study, the 50,000
transfected HEK293 cells were a sufficient number for whole-
body imaging. For long-time monitoring investigations, we

z=3 mm

1

0

z=2mm

z=1mm y=4 mm
z 1
z =0 (region of injection)

0

Fig. 9 Results of the 3-D reconstruction of the fluorophore concentration after a hypodermic injection of suspension with 50,000 cells of HEK293-
Turbo-RFP; the volume of injection was 50 ul. The thickness of the object was 10 mm. In the upper left corner, the distribution of the fluorescent
signal obtained by synchronous scanning of the source and detector is shown. The white dashed line shows the area of the 3-D reconstruction.
From the bottom left corner to the upper right corner, the results of the 3-D reconstruction are given for four different depths: z=0 (place of

injection), 1, 2, and 3 mm.
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plan to use stably transfected cell lines that do not lose their
ability for FP expression for a long period.

The 3-D reconstruction in in vivo studies was performed
only for the subcutaneous injection of fluorescing cells to
simulate a tumor. The possibility of 3-D reconstruction on
deeply located tumors was demonstrated only on the model
medium.

In the described setup we used plane geometry, which al-
lowed us to minimize the thickness of the biotissue. Thus, the
decay of the light propagated through the mouse was less than
that of cylindrical geometry.14 In addition, the detection sys-
tem in our FDT setup, based on a cooled PMT module with
low-frequency modulation, had a very high sensitivity. How-
ever, 3-D reconstruction of a fluorophore concentration is
more robust with cylindrical geometry than with plane geom-
etry.

The use of the normalized Born approach in the recon-
struction algorithm may significantly improve the quality of a
reconstruction.”” But detecting green light propagated through
biotissue is complicated by the high intensity of light that is
scattered in the supporting plate and propagated around an
experimental animal. Moreover, the dynamic range of the
“green” detector (detector 2 in Fig. 2) should be very high to
detect the excitation light propagated through the experimen-
tal animal in areas of different thickness. By using an immer-
sion liquid, the intensity of stray light will be decreased and
the thickness of the transilluminating medium will be con-
stant, so the detection of excitation light will be possible.
Moreover, boundary conditions in this case were taken into
account automatically. The use of an immersion liquid does
increase the complexity of in vivo studies. In our opinion the
most appropriate way to improve the quality of a reconstruc-
tion is to install an additional red light source and to detect red
light propagated through the tissue.

The problem of using the normalization Born approach,
connected with the detection of the excitation light, led us to
update the ART method that we used for reconstruction of the
fluorophore concentration in our first experiments. Using the
described technique with the Holder norm is more time con-
suming than the ART, but it produces a higher-quality recon-
struction. The described experimental setup yields a small
data volume, but it is reasonable to use a reconstruction algo-
rithm with greater computational complexity.

Another limiting factor for the detection of FP emission
with low intensity is autofluorescence. This is not an acute
problem if one works with nude mice. But even a small back-
ground can be a limiting factor for detecting small concentra-
tions of fluorophore. The most effective way to overcome this
limitation is to add spectral resolution measurements®> and/or
lifetime  measurements using the frequency-domain
technique.34’35 The first approach is quite feasible if one uses a
CCD detector. But in the described FDT system, additional
spectral resolution measurements would add too much acqui-
sition time. The most appropriate way to improve the capa-
bilities of such systems is to use high-frequency amplitude
modulation of excitation light (at least 50 to 100 MHz) and
synchronous detection. The problem that arises here is modu-
lation of the Nd:YAG laser (or another laser suitable for ex-
citation of RFPs) with high frequency. But the traditional am-
plitude modulation of such a laser with a Q-switch is limited
by the 1- to 5-ns pulse width and the 10-kHz repetition rate
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that is not suitable for precision phase measurements.
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Appendix

In this appendix we derive a formula for the solution of the
underdetermined system of linear equations

Av=p,
AeRM"N v eRV, peRM, M<N,
A={a;=0,i=1,M,j=1,N}, (6)

and

p={p;=0,i=1,M}

with the minimal Holder norm [Eq. (4)]. This problem can be
formulated as follows:

min |:E (U]g + s)§/2:| (7)

Wy, - opTes| j=1

Here, 2={v:Av=p} is a solution set, and & is a small positive
number (usually 107% to 107°). The presence of variable &
allows the differentiation of Eq. (4) for the case of £<1. The
estimation of the conditional extremum reduces to the estima-
tion of the extremum of the Lagrange function:

N

F(u,\) = Z (vj2 +8)7+ NAv -p),
j=1

where A is a 1 XM vector. Partial derivatives are equated to
zero:

M
oF
= fvj(vf + 8)5/2_1 + 2 )\,»aij = 0
j i=1

;

OF < ;
= a;v;— i=0

a)\i FEI ) p

or in matrix form, we can write

{ng(v)v +A\NT=0 , ®)

Av=p

where Dg(v)zdiag[(vjz-+£)§/2‘1] is a diagonal matrix. By ex-
tracting v and A7 from Eq. (8),

I
U=- _Dgl(U)AT)\T
and
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| - -
Av=- EADgl(v)AT)\T=p = N'=-dAD; (v)A"]p,
one can obtain an equation for v:

v=D;'(v)A'TAD;' ()A"]'p. 9)

For the special case of £=2 and D,=E, Eq. (9) transforms
into the well-known formula for evaluating a solution with the
minimal Euclidean norm:

v=AT(AAT)"p. (10)

The value of & can be set to 0, because matrix Dg(v) has no
singularity at the point £=0. With this fact taken into account,
Eq. (9) can be written in the following form:

v =Dy (v)ATAD; (0)AT] 'p. (11)

Equation (11) allows one to write the iteration process:

oV = D 0)ATAD VAT ), (12)

where v(© may be calculated from Eq. (10). The criterion for
finishing the iteration procedure can be chosen as follows:

(k+1) _ ., (k)||2
o) ol _
o

Here, & is a small value (usually 0.01 to 0.1).

The algorithm based on the Holder norm converges to
some solution, because the function of the iteration process
(9) is a contracting mapping.
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