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ABSTRACT. Early studies of laser beam propagating in turbulence indicated that the log-ampli-
tude variance of the received intensity would grow without bound as the refractive
index structure parameter and range increase. This was an ominous observation.
It suggests that the laser communications and remote sensing systems would not be
useful during the hot daytime conditions. Fortunately, it does not increase without
limit. We describe the various scintillation indices that predict this type of perfor-
mance. Specifically, we will develop the scintillation indices for satellite communi-
cations (SATCOM) downlink, SATCOM uplink, and atmospheric slant path and
horizontal communications link geometries, which also include tracking, untracked,
and aperture averaging receiver effects. The focusing and saturation regimes in the
turbulent channel will be defined. An example analysis will be provided using this
information. The importance of log-amplitude variance is that the scintillation indices
will have peak values for some refractive index structure parameters and range
values.
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1 Introduction

Free-space optical communication (FSOC) networks operating through, and within, the
atmosphere require optical links to close under strong intensity fluctuations conditions in
the turbulent channel to be useful.'”® These conditions usually occur during daytime oper-
ations. Early atmospheric communications link analyses only addressed signal degradation
mitigation believing that one just needed more optical power to communicate at range. That
is true, but that is not the total story. What was missing is that the turbulent-intensity noise
variance really is the factor that affects communications performance, not just the turbulent
Strehl ratios. Specifically, it helps define the received power via the turbulence-based power
penalty’ as well as quantifying the turbulent channel’s intensity probability density functions
(PDFs)'%'2 and the signal-to-noise ratio (SNR).'*"'? (Andrews and Phillips'® recognized that
the turbulent-based intensity variance adds to the system noise variance of the SNR) These
entities are all key factors in calculating the system’s bit error rate (BER) and probability
of fading, major system performance parameters.'"'> In short, it is the limiting factor on
whether the system meets specifications or not.
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Scintillation refers to the temporal or spatial intensity fluctuations of an optical wave caused
by small random refractive-index fluctuations. The parameter associated with these intensity
fluctuations is the “scintillation index,” which is defined as

2 gy (P L)) = (I(r.L))?  (P(r.L))
o(r.L) = = =1, M)
(I(r, L)) (I(r,L))
where r = (x,y) is the transverse distance at the link range L, I(r, L) is received intensity at
range, and the brackets (---) denote an ensemble average. Using weak intensity fluctuation
theory, many early investigations into the scintillation characteristics of an optical wave were
concerned with the log-amplitude variance, which is written as

62 = 0.307C2(ho)k/°L1/6, )

where C2(hy) is the “refractive index structure parameter,” h is the link altitude above ground
level, k = 2z /2 is the optical wave number, and 4 is the wavelength. Alternatively, some studies
focused on the “log-intensity variance,” o3, ; = 40)2(. The relationships between the scintillation
index and these other parameters are

o7 = exp(4o2) — 1 = exp(of, ;) — 1. 3)

Under weak intensity fluctuations, we have the related expression
A . @)

Focusing on the log-amplitude variance, Eq. (2) appears to grow without bound as C2(h)
and L increase. This was an ominous observation. It suggested that the FSOC system would not
be useful during the hot daytime conditions. Fortunately, 0)2( does not increase without limit. With
increasing C2(hy) and L, o, (observed) reaches its peak value when o, (Rytov theory) is roughly
6, ~0.3, and then decreases slightly for increasing 01.6‘20 This effect is illustrated in Fig. 1,
derived from a reported set of horizontal link measurements by Gracheva.'* Near the Earth’s
surface, the horizontal path saturation of 0}2( for visible light occurs within a few hundred meters
of the transmitter, as shown in Fig. 1. This asymptotic falloff regime for large values of o, is
called the saturation regime. Unfortunately, it took over 20 years to develop theories that cover all
the reported experimental results.

Many of the early theoretical treatments of scintillation concentrated on simple field models
such as an unbounded plane wave and spherical wave, or “point source.” However, in many
applications, the plane wave and spherical wave approximations are not sufficient to characterize
the scintillation properties of the wave, particularly when focusing and finite beam characteristics
are important. In such cases, the lowest-order Gaussian-beam wave model is more characteristic
of a laser beam, limiting forms that lead to the plane wave and spherical wave models.
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Fig. 1 Observed log-amplitude variance versus predicted log-amplitude variance.
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The governing integrals for the Gaussian-beam wave scintillation index under weak inten-
sity fluctuations were developed in the mid-1960s and some analytical solutions were published
based on the Kolmogorov spectrum.'>"'” However, tractable analytical formulations for the
scintillation index of a Gaussian-beam wave in the receiver (Rx) pupil plane under general
atmospheric conditions, including inner and outer scale effects, were not developed until much
later.'®!” The decrease in scintillation associated with increasing telescope aperture size had been
recognized in early astronomical measurements made in the 1950s,% although analytic expres-
sions for the aperture-averaged scintillation index with inner and outer scale in the detector plane
of an Rx with aperture diameter Dy, were not developed until more recently.’!

This paper is a tutorial describing the various scintillation index theories that predict the type
of performance depicted in Fig. 1. Specifically, this paper will develop the scintillation indices for
satellite communications (SATCOM) downlink, SATCOM uplink, and atmospheric slant path
and horizontal communications link geometries, which also include tracking, untracked, and
aperture averaging receiver effects. The focusing and saturation regimes in the turbulent channel
will be defined. An example analysis will be provided using this information. The key aspect of
this tutorial is that no matter whether the detection system is incoherent or coherent and/or which
signaling format is used, the scintillation indices will have peak values for some particular
C2(hy) and range values. If the system specifications are not met, this analysis will show an
example of other turbulence mitigation techniques that can be employed to get the desired system
performance.

2 Kolmogorov Theory of Turbulence

Classical turbulence deals with the random velocity fluctuations of viscous fluid such as the
atmosphere. Although the atmosphere has two distinct states of motion, laminar and turbulent
flow, the latter is where dynamic mixing occurs, resulting in random sub-flows called turbulent
eddies. The transition to this mixing state from laminar flow depends on the critical Reynolds
number of the fluid derived from the flow characteristics. This parameter is non-dimensional and
is denoted by Re = VI/v, where V in meters per second (m/s) and / in meters (m) are the velocity
(speed) and “dimension” of the flow, respectively, and v in meter-squared per second (m?/s) is
the kinematic viscosity. Near the ground, the critical Reynolds number is around 10°, which
indicates that the motion is highly turbulent. This is a state that degrades optical laser beam
propagation. The mathematical characterization of this state is derived from the non-linear
Navier—Stokes equations. Because of the difficulty in solving these equations, Kolmogorov
developed a statistical theory of turbulence that is based on one-dimensional analyses employing
insightful simplifications and approximations. In short, the Kolmogorov turbulence theory is
a set of hypotheses based heavily on physical insights, not solutions derived from the first
principles.

His theory proposes that the small-scale structure of turbulence is statistically homogeneous,
isotropic, and independent of the large-scale structure. To understand his structure of atmospheric
turbulence, it is convenient to adopt a visualization tool named “the energy cascade theory” due
to Richardson.?? This tool is shown in Fig. 2. The source of energy at large scales is either wind
shear or convection. When the wind speed is sufficiently high that the critical Reynolds number is
exceeded, large unstable air masses (conceptualized as “eddies”) are created with characteristic
dimensions slightly smaller than, and independent of, the parent flow. Under the influence of
inertial forces, the larger eddies break up into smaller eddies to form a continuum of eddy size for
the transfer of energy from the macroscale L, (called the outer scale of turbulence) to the micro-
scale /; (called the inner scale of turbulence). The family of eddies bound above by the outer
scale L, and below by the inner scale [, forms the inertial subrange. Scale sizes smaller than the
inner scale [, belong to the viscous dissipation range. In this last regime, the turbulent eddies
disappear, and the remaining energy in the fluid motion is dissipated as heat.

The outer scale L denotes the scale size below which turbule properties are independent of
the parent flow. In the surface layer up to ~100 m, the outer scale L, is usually assumed to grow
linearly with the order of the height of the above ground of the observation point (Ref. 10, p. 60).
Eddies of scale size smaller than L, are assumed statistically homogeneous and isotropic,
whereas those equal to or greater than L are generally non-isotropic, and their structure is not
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Fig. 2 Kolmogorov cascade theory of turbulence, where L, denotes the outer scale of turbulence
and /, denotes the inner scale of turbulence.

well defined. Above 100 m, the horizontal dimension of L is generally much greater than its
vertical dimension because of stratification. As the turbulent eddies become smaller and smaller,
the relative amount of energy dissipated by viscous forces increases until the energy dissipated
matches that supplied by the kinetic energy of the parent flow. When this happens, the Reynolds
number is reduced to the order of unity, and the associated eddy size then defines the inner scale
of turbulence /. The inner scale is typically on the order of 1 to 10 mm near the ground but is on
the order of centimeters or more in the troposphere and stratosphere. On the other hand, for
beams propagating near the ground, the outer scale L is approximately half of the transmitter
height above the ground. The outer scale can be tens of meters in the upper atmosphere.

3 Power Spectrum Models

To calculate the scintillation index, the three-dimensional spatial power spectrum of the atmos-
pheric refractive index ®,, (k) needs to be known.'” The power spectrum is the Fourier transform
of the refractive index covariance function.'® For completeness, the chronological list of power
spectrum models used in the scintillation index and other turbulent parameter investigations will
be presented in this section.

3.1 Kolmogorov Spectrum

To model atmospheric turbulence, we use power spectrum models of the refractive index. The
most used model for optical/infrared wave propagation is the three-dimensional “Kolmogorov
power-law spectrum”

®,(xk) = 0.033C2x~ "3, 1/Ly <k < 1/, 5)

where « = |k| is the atmospheric wave number or spatial frequency. Although this
spectrum model is theoretically valid only over the spatial wavenumber inertial range
1/Ly < k < 1/I,, it is often extended over all wave numbers by assuming that the inner scale
1y is negligibly small and the outer scale L, is infinite. However, this can often lead to integrals
that do not converge, so caution is called for in extending this wavenumber domain.

Although many researchers rely on the Kolmogorov spectrum, which ignores inner and
outer scale effects, we find that inner and outer scales can both play an important role in the
analysis of the scintillation index.

3.2 Modified von Karman Spectrum

The “modified von Karmén spectrum” is defined by
exp(=x°/x7,)
(2 +x2)11/6”

where k,, = 5.92/1, and xy = 27 /L. However, it is widely known that the outer scale has no
effect on scintillation in the weak intensity fluctuation regime. It does begin to play a prominent

@, (k) = 0.033C2 0<Kk<oo (6)
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role in moderate-to-strong turbulence. This spectrum model with x, = O leads to the “Tatarskii
spectrum”

2
@, (x) = 0.033C21/3 exp (- K—2> . k> 1/L 7
K

m

where «,, = 5.92/1,.

3.3 Modified Atmospheric Spectrum

Another spectrum model that includes both inner and outer scale parameters but also exhibits
a high wave number rise (or “bump”) just prior to the dissipation range is also used in some
analyses. Such a model should be used when greater accuracy is needed for comparing theory
with actual outdoor experimental data involving small-scale effects such as scintillation. The
“modified atmospheric spectrum” is described by

7/6 _2 /2
®, (k) = 0.033C2 [1 +1.802 <5> —0.254 <5) } SR/ oo (®)
K; K; (k* 4+ K5) /

Bump term

where k;, = 3.3/l and k, = 27/L.>> The bump in the spectrum was originally discovered in the
temperature spectrum data of Champagne et al.>* and in that of Williams and Paulson.”> From
these data, Hill later performed a hydrodynamic analysis and developed a numerical version of
the bump spectrum for both temperature and refractive index.?® Hill’s numerical spectrum,
however, did not include an outer scale parameter. This numerical spectrum model eventually
led to the development of several analytical models.>**"*

Another form of the modified atmospheric spectrum is sometimes used, which introduces
the outer scale in an exponential function. This alternate form, which is used in the extended
Rytov theory under moderate-to-strong turbulence conditions, is given by

7/6 2 2
@, (k) = 0.033C211/3 [1 +1.802 (5> —0.254 (5) ] exp (— K—2> {1 — exp (— K—zﬂ ©)
K LYi Ky Ky

Bump term

where 0 < k < o0, kK, = 3.3/1y and kg = 87 /L.

In Fig. 3, we plot scaled versions of the Kolmogorov, Tatarskii, and modified atmospheric
spectrum models to illustrate their difference at high wave numbers. Scaling this way leads to a
horizontal line for the Kolmogorov spectrum, whereas the inner scale behavior of the Tatarskii
spectrum is shown by the dashed curve. For the modified atmospheric spectrum, the outer scale
was chosen as infinite.
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Fig. 3 Spectrum models with L, = o, scaled by the Kolmogorov spectrum.’®
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In Secs. 5-7, we will separately discuss the models for scintillation index associated with
plane waves, spherical waves and Gaussian-beam waves, respectively, after defining weak-to-
strong intensity fluctuations in Sec. 4.

4 Weak-to-Strong Intensity Fluctuations

Although early research involved the log-amplitude parameter, the intensity was the parameter of
interest as the research efforts turned toward applications. Thus, instead of relying on the log-
amplitude parameter, the intensity parameter of interest became the “Rytov variance” ¢%. The
parameter o7 is directly related to the log-amplitude variance by the expression o} = 4o3.

Weak intensity fluctuations are characterized by requiring 6% < 1. Under this restriction, the
“Rytov approximation” has been the most fruitful method of analysis, although the method of
geometrical optics and the Born approximation were introduced first without much success.

When the Rytov variance satisfies 6% > 1, the intensity fluctuations are considered moderate
to strong. In this case, we can perform the analysis with the “extended Rytov theory.”?®?° This
theory is based on the following observations:

* The scintillation index increases with increasing values of the Rytov variance % until it
reaches a maximum value greater than unity called the “focusing regime.”

* With increasing values of 6%, the focusing regime is weakened by multiple scattering and
loss of spatial coherence, and then, the scintillation index begins to decrease, saturating at
a level approaching unity from above. This is the “saturation regime.”

This behavior of the scintillation index as described above is illustrated in Fig. 4 for the
general case of a collimated beam wave. Similar behavior is also associated with plane and
spherical waves.

So, the bottom line is as follows: The scintillation and power scintillation index equations in
the Secs. 5-7 were developed using the extended Rytov theory and are valid for turbulence con-
ditions covering weak to strong intensity fluctuations. Mathematically, the focusing and satu-
ration effects are created by the inner and outer scales parts of the equations tempering the
rising Rytov variance (which comes from increasing C2, range or both) in the scintillation indi-
ces. The inner scale /, dominates the creation of the focusing regime, with a negligible contri-
bution by the outer scale L,. Effectively, Ly = o in these equations. However, as the Rytov
variances move into the strong intensity fluctuation regime, the outer scale L takes on the role
of the dominant parameter. Specifically, the outer scale L, parts of the equation lower the inner
scale [ contributions, resulting in lower saturation regime profiles. The above will be evident in
the figures to come.
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Fig. 4 Typical behavior of scintillation as a function of the square root of the Rytov variance.
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5 SATCOM Downlink (Plane Wave) Link Geometries

Many of the early laser propagation in turbulence studies were performed by Russian researchers
using infinite plane wave models. As it turns out, the SATCOM downlink essentially created
plane wave illumination at the ground station terminal.'~'> Plane wave propagation in turbulence
is the subject of this section.

5.1 Plane Wave: Weak Intensity Fluctuations
Based on the Rytov approximation,'®!" the scintillation index for an infinite plane wave under
weak intensity fluctuations can be written as

oo 2
o3 (L) = 872K2L A 1 [) xk®, (k) [1 — cos (L’]i 5)}1;«15 (10)

where £ =1—z/L is a normalized distance variable. It is assumed that the optical wave
propagates on a slant path along the positive z-axis over the interval 0 =< z < L. As noted
in a previous section, the solution of this expression will depend on the power spectrum of
index-of-refractive fluctuations.

Under the Kolmogorov spectrum, for example, the plane wave scintillation index becomes

2 (L) =o} = 1.23C2K7/6 L1176, (horizontal path) an
Lpi\ ) T OR = 2.25K7/0 [ C2(z)(z — 29)*/dz,  (downlink path) °

where both expressions represent the Rytov variance. If / denotes altitude and H is the satellite
altitude, then it follows that z = h/cos { and L = H/ cos {, where ( is the zenith angle.

Although many researchers rely on the Kolmogorov spectrum, which ignores inner and
outer scale effects, we find that the inner scale plays an important role in the analysis of the
scintillation index. Therefore, using the Tatarskii spectrum, the scintillation index of a plane wave
takes the form

1\ (11 11
a}pl(L)—s.smfeKH 2) sin(gtan‘lQm)—Z ,;5/6], (12)

m

where Q,, = Lk2,/k."® Because the Rytov variance requires the restriction 6% < 1 under weak
intensity fluctuations, this restriction often limits the path length to a few hundred meters along
a horizontal path, depending on C2 and wavelength.

Based on the modified atmospheric spectrum model with xy = 0, the scintillation index
assumes the form'®

1\ 11/12 11
o3 (L) = 3.860%{ (1 + @> {Sin (? tan™! Ql>
I

1.507 (4 0.273 (5. _ 3.50
g 5wt o)~ g n(gmete) | -G 0o
l
Here, we define Q; = Lx?/k.

5.2 Plane Wave: Moderate-to-Strong Intensity Fluctuations

The atmosphere contains random inhomogeneities (turbulent “eddies”) of many different scale
sizes, ranging from exceptionally large scales such as the outer scale to small scales such as the
inner scale. An optical wave propagating through such a medium will experience the effects of
these random inhomogeneities in different ways, depending on the scale size. For example, large
scales cause refractive effects that mostly distort the wavefront of the propagating wave. This
effect can often be described by the method of geometrical optics. Small scales are mostly
diffractive in nature and therefore distort the amplitude of the wave through beam spreading
and intensity fluctuations. This behavior is now widely known as the “two-scale behavior”
of the optical wave in turbulence.

Under weak intensity fluctuations, the Fresnel zone size /L /k forms the division between

large scales and small scales. After a wave propagates a sufficient distance L into moderate-to-
strong intensity fluctuations, only those turbulent eddies on the order of the transverse spatial
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coherence radius p or less are effective in producing further spreading and intensity fluctuations
on the wave. Under strong intensity fluctuations, the spatial coherence radius also identifies a
related large-scale eddy size near the transmitter (Tx) called the “scattering disk,” L/kp,. Here,
po 1s the spatial coherence radius of the optical wave. Basically, the scattering disk is defined by
the refractive cell size at which the focusing angle is equal to the average scattering angle. Only
eddy sizes equal to or larger than the scattering disk near the Tx can contribute to the field within
the coherence area near the receiver (Rx). Thus, fewer and fewer scale sizes between the coher-
ence radius and scattering disk contribute to the scintillation index. Also, the outer scale L forms
an upper bound on the largest eddy size forming a scattering disk and therefore becomes an
important parameter in the moderate-to-strong fluctuation regime.

The theory developed here for moderate-to-strong intensity fluctuations is based on famili-
arity with the standard Rytov theory for weak fluctuations and with the deep turbulence theory
for the saturation regime, so both can be used to help identify the transition scale sizes. Because
the theory builds mostly off the standard Rytov theory, we call it the “extended Rytov
theory.”!%23 In the absence of both inner and outer scale effects, the intensity is mainly affected
by three cell sizes (eddies) described by

Iy ~po (spatial coherence radius)

I, ~+/L/k (Fresnel zone size)
Iy~ L/kpy (scattering disk) (14)

As the optical wave propagates, there is a gradual transition from the Fresnel scale as the
most critical cell size for scintillation to the spatial coherence radius and the scattering disk. That
is, as the Fresnel zone scale approaches the size of the coherence radius at the onset of strong
fluctuations (“focusing regime”), all three cell sizes are roughly equal (I; ~ I, ~ I3). In approach-
ing the focusing regime, the loss of spatial coherence affects eddies that are still strong enough to
focus the beam. That is, large eddies near the Tx have the greatest focusing effect on the small
eddies near the Rx. However, as the mid-size eddies become ineffective due to the loss of spatial
coherence, the focusing effect is weakened, and the spatial coherence radius is smaller than the
Fresnel zone, whereas the scattering disk is larger. We illustrate the relative cell size in Fig. 5 for
a propagating plane wave.

The extended Rytov theory for the scintillation index makes use of known behavior in the
weak intensity fluctuation regime and that in the far saturation regime. The saturation effect of
scintillation under strong intensity fluctuations was first observed experimentally in 1965 by

3 L— oy
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2.5¢ = Scattering Disk
Scattering Disk:
— 2
= Plane Wave R/kpy,
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&> 15} Radius: pp1  Refraction
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Fresnel Zone: = :
m __Ineffectivescale sizes
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Diffraction
0

0 100 200 300 400 500
Distance (m)

Fig. 5 Relative turbulent scale sizes versus propagation distance for an infinite plane wave. The
shaded area denotes unrealizable scale sizes under strong fluctuations.
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Gracheva and Gurvich.?! This work attracted much attention and stimulated several theoretical
and experimental studies devoted to scintillation under strong intensity fluctuations.

Analytical models developed for the saturation regime are based on the “asymptotic theory”
first introduced by Gochelashvili and Shishov* in 1974, followed by Fante®® and Frehlich.**

Although it was first believed that the asymptotic theory would adequately predict the scin-
tillation index throughout the moderate-to-strong fluctuation regime, this turned out to not be
true. Including the inner scale in the models®*** did not help much. A failure of the asymptotic
theory was eventually pointed out most clearly by Flatté and Gerber®® who compared the asymp-
totic theory with simulation results for a spherical wave and found a poor match except far out in
the saturation regime.

Based on the asymptotic theory, the scintillation index in the saturation regime for an infinite
plane wave and Kolmogorov spectrum can be expressed as

1 11/12 11 1
ehntt) =350 (1+ ) " on(ig wnt0n) - 0]

m

1 L
Xexp{—/o Dg |:7KW(T, é)} dr} dxd¢, 0% > 1 (15)
where Dg(p) is the phase structure function and
T oT<g
w(z, &) = {5, ok (16)
Upon evaluation of the integrals in Eq. (15), this leads to
0.86
o (L)~ 1+ =, oh> 1. (17)
OR

When the inner scale is included, the asymptotic theory for a plane wave based on the modi-
fied atmospheric spectrum takes the form'’

2.39

2 A7/6
W, GRQI > 100, (18)
R¥*1

a% p,(L) ~1+
where Q; = 10.89L/k/3. Similar expressions for the saturation regime have been reported for
the spherical wave and Gaussian-beam wave.

To construct an atmospheric spectrum model for scintillation that characterizes the above
behavior of the various cell sizes, a technique like that used in adaptive optics methods is intro-
duced whereby the conventional Kolmogorov power-law spectrum is modified with a spatial
filter. By also including the effects from inner scale and outer scale, this leads to the so-called
“effective atmospheric spectrum,”

D, . (k) =,(x)G(k, 1y, Ly, 2), (19)

where @, (k) is the conventional Kolmogorov spectrum and G(x, ly, L, z) is an amplitude spatial
filter. For horizontal paths in the positive z-direction for which turbulence parameters are essen-
tially constant, such a spatial filter is represented by the sum of two filter functions, viz.,

G(x,ly, Lo, z) = Gx(x, 1y, Lo) + Gy(x, Iy, z)

2 K173 ALK*(1 - z/L)?
= 1 L -
f(xlo)g(x o)eXP< K§(> ()16 eXp{ X

Gy(x.lo.Lo) Gy (K.ly,2)

} . 0

where f(xly) describes inner scale modifications and g(xL) describes outer scale effects. Here,
Ky is a large-scale spatial frequency cutoff, and xy is a small-scale spatial frequency cutoff. Thus,
the filter function G(x, ly, Ly, z) only permits low-pass spatial frequencies k < ky and high-pass
spatial frequencies x > ky at a given propagation distance z.

The inner scale filter function modification is defined by f(xly) = exp(—«*/x?), and the
outer scale modification is defined by g(kLy) = 1 —exp(—«?/k3), where ko = 87/L. The
resulting scintillation index based on the modified atmospheric spectrum takes the form
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5 5 5 0.516%,
Oppi = €XP |0, x(lo) = o x (Lo, Lo) + (140 69612/5)5/6 - 21
-070pp
where
2.61 7/6 2.61 1/2
ot x(lo) :0.160§< 2 7/6) {1+1.75< 7/6)
2.61+Q, +0.456%0] 2.61+Q,+0.450%0,
2.61 7/12
- 0.25( : 7/6) } (22)
2.61 4 Q;+0.450%0;
2.610,0 7/6
o2 (lo. Lo) :O.l6o§[ . e ; 1/6}
2.61(Qy+ Q) + 000Q,(1+0.456;0,)
2.610, } 12
X<1+ 1.75[ = =
{ 2.61(Qy + Q) + 0p0,(1 +0.45530,”°)
-0 25{ 2610, ]7/12} (23)
2.61(Qp+ Q)+ 0p0,(1 + 0-455%eQ11/6)

and 62, is given in Eq. (13). In these equations, we have Oy = 647*L/kL2. We have used the

notation QO to avoid confusion with the outer scale parameter QO defined in other publications.
Figure 6 illustrates the scintillation index of an infinite plane wave for a horizontal path as a
function of the square root of the Rytov variance for several values of inner scale with infinite
outer scale. This plot shows the importance of the inner scale along a horizontal path. The larger
the inner scale, the lower the scintillation index for o, > 1.
If we ignore the inner and outer scale effects, we find that the moderate-to-strong scintilla-
tion index for a plane wave reduces to

. { 0.490% 05103
O =
hot (1+ L1162)70  (140.690"°

_ 2
)5/6} I, O0<op<oo. 24)

Because inner and outer scale models as a function of altitude are virtually nonexistent, this
last expression is commonly used in downlink optical paths from a satellite or star. It is not very
accurate for horizontal path propagation because the inner and outer scales play such dominant
roles near the ground.

2
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[ f e L ly=0
1.0 /.
/',
’
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0.5 2
A Plane wave
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Fig. 6 Plane wave scintillation index as a function of the square root of the Rytov variance for
selected inner scale values between 0 and 8 mm, and A = 1063 nm, C2 =2 x 103 m=2/3, and
Ly = o0, assuming a horizontal path.
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5.3 Plane Wave: Aperture Averaging Effects

Early studies of aperture averaging concentrated on a ratio of scintillation values called the aper-
ture-averaging factor. The aperture-averaging factor A is defined by the normalized variance of
power fluctuations of the incident optical field on a collecting lens. It is also defined by the ratio
of the power scintillation index obtained by a finite-size collecting lens to the scintillation index
obtained by a point aperture. For a circular aperture of diameter Dyg,, this latter ratio, known as
the aperture averaging factor, can be expressed by the integral

62 (Dpg, 16
= M = / b;(xDgy) (Cos_1 x—xV1- xz)xdx, (25)
0

al,pl(O) z

where b;(xDg,) is the normalized spatial covariance of the intensity fluctuations.*® However,
exact analytical solutions of Eq. (25) have not been found, so the first researchers always resorted
to numerical evaluations or some approximations.>'*” It was later shown that an alternate form
for 5%,;;1 (Dgx) could be developed through the use of the “ABCD” ray matrix approach and the
extended Rytov theory.”!

FSOC systems that use a large collecting lens to focus the light onto a photo-detector do so
in part to reduce the effects of scintillation. However, if the Rx aperture diameter Dy, is smaller
than the correlation width of the intensity fluctuations, then the Rx aperture behaves essentially
like a point aperture. The correlation width under weak intensity fluctuations is on the order of
the first Fresnel zone, /L /k, defined by the first zero value of the intensity covariance function.

Our approach here will follow that in Section 4.2 where the extended Rytov theory was
introduced for the scintillation index. Consequently, the reduced scintillation index (“power
scintillation index or flux variance”) takes the form

07 pi(Dry) = exploi, x(Dgy. 1) = 03y x(Dges o, Lo) + 07, y(Dpe)] = 1, (26)
where
7/12
Ulzn X(DR.X’ZO) 20166% (M) |:1+1 75( XdQl ) _025( ”XdQl ) :|,
Nxa + Qi Nxa+ Qi
(27
1/2
o2, x(Dgy. Lo, Lo) = 0.160% ( Nxao Qi ) {1 1175 <’7Xd70Ql>
Nxdo + Nxao + Q1
7/12
—025 (M) ] , 28)
Nxao + Q1
) 0.516%, (14 0.690}%)=5/6
%y (Dre) = 20272 \6/5 2 12/5° (29)
1+0.90d*(0%/03,) /5 +0.62d ox
In the above equations, we have introduced the following parameters
PR L S | S nxw:L@O
14045030, 1+ dny /4 nxa+ Qo
kD, 10.89L .~  647°L

=L YT T 9T (30)

If we ignore the inner and outer scale effects, the power scintillation index flux based on the
Kolmogorov spectrum reduces to

0.495% N 0.516%(1 +0.695377)=5/6
(1+0.65d* + 1.1165°)7/6 1+ 0.90d* + 0.62d%6}"°

o7 ,/(Dry) = exp ~1. @3

Figure 7 exhibits the plane wave aperture-averaging factor A as a function of the circular
aperture radius Dgy /2 scaled by the Fresnel zone size /L /k under various values of the Rytov

variance. Weak fluctuation theory corresponds to 6% < 1 in which the factor A can be accurately
approximated by
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Fig. 7 Aperture-averaging factor versus aperture radius scaled by the Fresnel zone size,
v/ kDgy /4L, associated with an unbounded plane wave under various fluctuation conditions.

sz -7/6
A= [1+1.062< 4{“)} . 32)

In weak conditions, the correlation scale of the irradiance fluctuations is defined by the size
of the Fresnel zone; thus, significant aperture averaging takes place only when Dgx > 2+/L/k.

The case 6% = 4 leads to a scintillation index of 67 = 1.17, which corresponds to a moderate
fluctuation level approaching the focusing regime. In this regime, the spatial coherence radius is
less than or equal to the Fresnel zone size. The last case 6% = 50 corresponds to the saturation
regime in which the scintillation index is once again 67 = 1.17. The two-scale behavior in the
aperture-averaging factor in the saturation regime was previously pointed out by Churnside.®
That is, the first averaging is determined by the spatial coherence scale ppy, after which there is a
leveling effect followed by a secondary roll-off related to the scattering disc L/kp,,; that predicts
less aperture averaging than that under weaker fluctuation conditions.

6 SATCOM Uplink (Spherical Wave) Link Geometries

The next stage in laser propagation in turbulence studies used spherical wave models. These
studies pertained to SATCOM uplink illumination of the satellite terminal and certain FSOC
cases involving horizontal links.!*!?

6.1 Spherical Wave: Weak Intensity Fluctuations
If we can model the optical wave as a point source or spherical wave, the resulting scintillation

index will closely follow that associated with the plane wave case. Making use of the Rytov
theory, we define the scintillation index of a spherical wave by

o2, (L) = 82K°L A 1 /0 " x®, (x) {1 — cos (@ﬂ dicdé. (33)

Based on the Rytov approximation and a Kolmogorov spectrum, the solution of Eq. (33)
leads to
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2 () 0.5C2K7/6L1/S, (horizontal path)
Orap (L) =P0 =\ 2250700 [1 €2 (2) (2 = 20)¥/5]1 = (2 — 20) /L]¥/5dz,  (uplink path)

(34)

In this last result, we have introduced the spherical wave Rytov variance
B2 =0.5C2k7/0L1/6,
If we now evaluate Eq. (34) using the modified atmospheric spectrum, we get

oNI/2T /11 0 2610 . (4 . 0
Gng = 965ﬁ%{040(1 + Q_12> |:Sln (K tan 1 ?> + W Sin <§ tan ! ?

0518 . (5 O 3.50
_W SIH(Z tan ?>:| —ﬁ} (35)

The effect of the inner scale on the scintillation index under weak intensity fluctuations is
clearly illustrated in Fig. 8 for a spherical wave.?® Several values of inner scale are featured here
and compared with the scintillation index when [, = 0. As with plane waves, the outer scale is
not a factor for the scintillation index of spherical waves under weak intensity fluctuations.

6.2 Spherical Wave: Moderate-to-Strong Intensity Fluctuations
Following a similar analysis to the above for plane waves, the resulting scintillation index based
on the modified atmospheric spectrum takes the form

0.516§PH _1 (36)
140.69623)5/6)
(1+0. GSPH)

6%,sph = €Xp |:O-12n X(IO) - 612n X(lov LO) +

where o3py is given in Eq. (35). The first two terms in this last expression are

8.56 /6 8.56 1/2
o2 o (lp) = 0.04ﬁ3< 9 7/6> X {1 + 1.75< 7/6>
8.56 + Q; +0.204350, 8.56 + Q; +0.2043350,
8.56 7/12
—0%( UQ } 37
8.56 + Q; +0.20830,
15 T T 1
—_— ly=0mm
e [y =1mm
—_——- lp=3mm P
....... lp =5mm [V I
3 1 |-== L=10mm ! /‘, 1
2 Pl E
S Spherical Wave -
T <
3 0.5 ,.‘./
0 i " 1 i 1 i | |
0 0.5 1 1.5 2

,30=(0.505k7/6L1 1/6)1/2

Fig. 8 Scintillation index of a spherical wave based on the modified atmospheric spectrum as a
function of the square root of the spherical wave Rytov variance and several values of inner scale.
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o 7/6
o, x(lo, Lo) = 0.0435 [ 8.56000, )]

8.56(Qp + 0)) + 00 0,(1 +0.20830,°
~ 1/2
x{1+1.75{ . 8500 1/6]
8.56(Q0+ Q)) + 0o 0;(1+0.20650,"")
8.560, y/ ‘2}
8.56(Q0 + Q1) + 000 (1 +0.20420)"%) '

025 [ (38)

Figure 9 illustrates the spherical wave scintillation index as a function of the spherical Rytov
variance for Ly = oo and several inner scale values. Compared with Fig. 6, the scintillation index
falls off faster for spherical waves than for plane waves for all inner scale values but flattens out
sooner for large inner scale values.

Figure 10 depicts the spherical wave scintillation index as a function of range up to 5 km
illustrating the effect of the outer scale. The inner scale was fixed at 5 mm, and the outer scale
was chosen as infinite and 1 m. In addition, the selected wavelength was 1063 nm and

C2 =5x 1073 m™2/3. This figure shows that the inner and outer scales cause the power

2
‘Gl.sp};
4 ——
.,// . —
.-'/' - —
3 ,-'"; — T— i -
I_f"_,.» i o — T =8 mm
' ~ fp=5 mm
E Iy=2 mm
fp =0
1

Spherical wave

0 1000 2000 3000 4000 5000
Range (m)

Fig. 9 Scintillation index of a spherical wave as a function of the square root of the spherical wave
Rytov variance and several values of inner scale, assuming 2 = 1063 nm, C2 = 2 x 10~1® m=2/3,
and Ly = oo.
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Fig. 10 Scintillation index of a spherical wave as a function of range. The inner scale is 5 mm in
both cases, and the outer scale is infinite (dashed line) or 1 m (solid line).
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scintillation index to decrease for increasing range rather than leveling off like was seen in Fig. 1.
Note that the outer scale effect does not show up prior to the focusing regime.

The effects of inner and outer scale on the scintillation index are further illustrated in Fig. 11
where the open circles correspond to measurements of a spherical wave made by Consortini
et al.>® over a horizontal path of 1200 m. A scintillometer was used to determine C2, which
ranged from 10~" to 10~'2 m=2/3, The inner scale was measured with a separate instrument
over a 150 m path directly in front of the Rx. The measured inner scale values ranged from
2.5 mm to around 12 mm. The optical wave was an argon-ion laser operating at 488 nm and
the diverged beam was directed into the atmosphere at 1.2 m above ground. Stationary intervals
of data with inner scale values ranging from 5 to 6 mm are replotted in Fig. 9 along with theo-
retical curves corresponding to inner scale values of 4 and 7 mm. The outer scale was estimated at
0.6 m, half the height of the laser above ground.

Once again, if we ignore inner scale and outer scale effects, we find that the moderate-to-
strong scintillation index reduces to

0.494? 0.515?%
02 = €X {( i i

-1, 0<fB<oo. (39)
14+0.565,7°)1/6 (1 +0.69/3})2/5)5/6} ’

The solid line in Fig. 12 shows the scintillation index as a function of range for /, = 0,
Ly = 00, A= 1.55 um and C2(hy) = 5 x 10715 m=2/3,

6.3 Spherical Wave: Aperture Averaging Effects
Based on the extended Rytov theory for a plane wave, we again find that the general form of
the power scintillation index for a spherical wave is defined by

6%,.3‘17/! (DRX) = eXp[o-lzn X(DRx’ lO) - Glzn X(Dva lO7 LO) + 612n Y(DRX)] -1, (40)

where the various terms are defined by

12 7/12
- 1'75( NxaQi ) B 0_25( NxaQi ) ] ,
Nxa+ Qi Nxa+ Q) Nxa+ Q)

(41

7/6
0 x(Dpes o) = 0.043 (wa1> y

7 T T v T v T
Spherical Wave
6 e 1 =488nm .
e = a L=1200m
x S5F o
)
e]
£
c 4r -
XS]
©
= 3
C
k)
n 2 _
1r o Exp.Data5mm<ly < 6 mm
Theory (Lo = 0.6 m)
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ﬂ0=(0.505k7/6/_1 1/6)1/2

Fig. 11 Estimates of measured scintillation index of a spherical wave (open circles) at a fixed
propagation distance of 1200 m taken from® and replotted for measured inner scale values
between 5 and 6 mm. The solid curves are theoretical estimates of the scintillation index corre-
sponding to inner scale values of 4 and 7 mm along with an outer scale of 0.6 m.'®
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Fig. 12 Scintillation index (solid line) and power scintillation indices (dashed line) as a function of
the range for A = 1.55 um, C3(hy) =5x107®* m=2/3, |; =0, Ly = o0 and D, = 10 cm.

7/6
6% (Dgy, Ly, Ly) = 0.04532 <’7Xd40Ql)

1/2 7/12
X {1 +1.75 (LOQI> -025 (LOQI) } , “2)
12/5+—
o2 y(Dgy) = 0.5105py(1 +0'69USP/H) 5/6 | "
n 1+ 0.90d (B2 /o%ppy)®/5 +0.62d2 B
In this case, the above parameters are defined by
X:L ﬂxd:n4x ;/]Xdo:LQO
1402050/ 1+0.02d%ny° nxa+ Qo
kD 10891  ~  64rL
d = RX’ = 7R _ 4L 44
w2 kL (44)

Finally, if we allow the inner scale to vanish and the outer scale to become infinite, the
resulting power scintillation index of the spherical wave reduces to

0.4943 0.5153(1+0.698,7/°)~3/6
o7 spn (Drx) = exp[ a 12/5 Al +0.69%, )12/5 -1 @5
' (1+0.18¢%> +0.568,77)"/ ~ 1+0.90d* + 0.62d>p,
The aperture-averaging factor for a spherical wave is defined by
A= o-%.sph(DRx) (46)
6%,sph (O)

Figure 12 also compares the scintillation index (solid line) and power scintillation indices
(dashed line) as a function of the Rytov variance over horizontal link ranges from 1 to 10 km with
A= 1.55 uym, C2(hy) = 5x 107 m™2/3, [, = 0, Ly = o0, and Dy, = 10 cm in the case of the
power scintillation index. This plot follows the asymptotic trend shown in Fig. 1 and illustrates
that aperture averaging can reduce the intensity-based intensity scintillation to a more desirable
level for large o%.

Figure 13 illustrates the spherical wave aperture-averaging factor as a function of the circular
aperture radius Dy, /2 scaled by the Fresnel zone size 4/ L /k under various values of the spheri-
cal wave Rytov variance. The behavior shown in Fig. 13 is much the same as that in Fig. 7, except
that the curves in Fig. 13 lie slightly above those in Fig. 7.

Optical Engineering 120801-16 December 2024 e Vol. 63(12)



Stotts and Andrews: Communication performance in the focusing and saturation.. .

10%F ==

1072F

1073F

Aperture Averaging Factor

Spherical wave
10~4F o =

ni s sl ol

" sk
01 1 10 100

fku,gx/a,l.

Fig. 13 Aperture averaging factor versus aperture radius scaled by the Fresnel zone size,
v/ kDgy /4L, associated with a spherical wave under various fluctuation conditions.
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Fig. 14 Power scintillation index in the pupil plane of an Rx (solid line) and that in the detector
plane after passing through a 10-cm aperture. The inner scale is 5 mm, and the outer scaleis 1 min
both curves.

Figure 14 shows the power scintillation index as a function of range for Di, = 0 cm and
Dgy = 10 cm, assuming [, = 5 mm and Ly = 1 m. The wavelength and structure parameter are
the same as that in Fig. 9. Comparing this figure with Fig. 11, the inclusion of the inner and outer
scales causes the power scintillation index to decrease for increasing range (increasing %) rather
than leveling off. All these figures show that the inner and outer scales have a dramatic effect on
the power scintillation index.

Figure 15 compares normalized power scintillation index theoretical estimates and computer
simulation data as a function of \/kDg, /4L for link ranges of 100 and 500 m. This figure shows
good agreement between theory and computer simulation.

7 Horizontal (Gaussian-Beam) Link Geometries

Unlike in the plane and spherical wave cases described above, the Gaussian-beam scintillation
index has two parts, not one part. One part is the radial component 0%,( r, L), and the other is the
longitudinal component o-%',(O, L). The linear combination is written as
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Fig. 15 Comparison of the normalized power scintillation index theoretical estimates and com-
puter simulation data as a function of /kDg, /4L for link ranges of 100 and 500 m.

oi(r,L) = o7 ,(r,L) +07,(0,L). (47)

Although the Gaussian Beam normally is associated with horizontal link geometries, it also
is applicable to slant range geometries, where the plane and spherical waves are opposite limiting
cases. Specifically, the Rayleigh range is given by associated with a spherical wave, \/kDg, /4L,
under various fluctuation conditions.

W, is the e 2-intensity beam radius.'®'! When z < zg, the propagating Gaussian beam is in
the near field and is plane wave-like. When z > zj, the propagating Gaussian beam is in the far
field and is spherical wave-like. This section investigates the Gaussian beam scintillation indices.

7.1 Gaussian-Beam: Weak Intensity Fluctuations

Key to understanding Gaussian-beam propagation are two sets of nondimensional beam param-
eters—one set at the transmitter and a second set at the receiver at distance L. The beam radius is
Wy, and the radius of curvature (focal length) is fp . For the collimated transmitter, we have
frL = o0, and the key parameter sets are given by

g = W3 /A = kW3 /2, (48)

L 2L 8AL
—0: Q) =1-—=1, - = 2 49
¢ T T rh ° T kw3~ D2, )

whereas at the receiver, the corresponding beam parameters are

[S)
O =eren
:=L:{ ®=1-0, (50)
A
A

In the above equations, ®, = 1 — L/ f; describes the amplitude change due to refraction of
focusing, A, describes the amplitude change due to aperture diffraction and [Ref. 11, pp. 18-19]

W = Wy4/©3 + A3. (51)

Based on the modified atmospheric spectrum and weak intensity fluctuations, the longi-
tudinal component of the Gaussian-beam scintillation index is given by
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[(1+20)%+ (2A+3/0)%' /"2
[(1420)% +4A2)1/2
. (11 2.610 . (4
Sl“(?‘””‘”l) T (14200207 + 3+ 27077 Sm(§‘”2+‘”1>
0.518 (5 13.401A
T+ 20707 + (3 128077 (Z“” *"”)} T OI((1+20) + 4
11 K1 +O.31AQ,)5/6+ 1.096(1+0.27A0,)'  0.186(1 +0.24AQ1)1/4} } 52)

o5 =07,(0.L)~ 3.866%{0.40

X

6 0, ?/6 Q?/6
for 6% < 1 where
2A
=tan"! | —— |, 53
Pr=tan [(1 +2®)] (53)
and
o[+ 2®)Qz}
=tan~! |———2=|. 54
oy oh
For horizontal FSOC links, the spherical-wave Fried parameters equal

Torx = Torx = [016[{26% (hlx)R]_3/5‘ (55)

7.2 Gaussian-Beam: Moderate to Strong Intensity Fluctuations
Using the extended Rytov theory to include the saturation regime (0 =< 6% < co0) with both inner
and outer scales, we find that components in Eq. (47) in this case are

2
62, (r, L) = 44263 AYC[1 = 1.15(L Ay /kL3)1/6] V;—z (56)
ST
and
0.5162
2 (0,L) = 2 (1)) — 6 (I, L G -1, 57
o-I,l( ) eXp|:o-1nX( 0) UlnX( 0 0)+ (1+0690'1G2/5)5/6 ( )
where
Agr = wL/kW?,, (58)
Wi = W(1+1.3363A/0)3/5, (59
Wsr =/ Wir = (r2), (60)
and
7.25(L - z9)? /L 2=20\?
rhy=——7"—[ Ci(z)|1- dz. (61)
(re) Wil : (z) A

In Eq. (56), we have

2 1 1— 11— 7/6 1/2 7/12
Oln X(lg) _ <_ O+ _®2> ( nxQi ) [1 +1.75 (’74)() —025 (’77)‘) ],
0.490% 3.2 5 nx + Qi nx + QO nx + Qi

(62)
o x(lo, Lo) _ l_l@Jr 152 (1x0Q 776
12 7/12
x [1 +175 <'7X°> —0.25 (”“) ] (63)
xo + Q) Nxo + O
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Fig. 16 (a) On-axis and (b) off-axis Gaussian-beam wave scintillation indices as a function of
propagation distance and normalized lateral radius, respectively.®

2 -1 - N
W,=7cm||C%=5x10""m™® || 1 = 1.06 ym ||, =inf

2.5
2
—~ 15
-
=3
Nb\
1
- =ly=8mm| L, =inf
05 —/0=8mm||L0=‘1m
- =ly=2mm| L) =inf
0 _IO=2mm||L0=1m
0 2 4 6 8 10
%R

Fig. 17 Graph of the scintillation index as a function of the square root of the Rytov variance for
a couple of inner and outer scale values.

nx = |0.38/(1 = 3.210 +5.9260?) + 0.476%0,/° ( G - %G) + ééﬂ) /(1 + 2.20@))6/7] _1,
(64)
and
nxo = 1xQo/ (nx + Q) (65)

Figure 16 compares (a) on-axis and (b) off-axis Gaussian-beam wave scintillation indices as
a function of propagation distance and normalized lateral radius, respectively, with computer
simulation data. These figures show good agreement between theory and computer simulation.

Figure 17 illustrates the scintillation index as a function of the square root of the Rytov
variance for a couple of inner and outer scale values. This figure shows that a smaller outer
scale reduces the scintillation index. In addition, it shows that a smaller inner scale reduces the
scintillation index, but the two outer scale curves begin to converge as o becomes large. NOTE:
Outer scale effects occur only after peak scintillation values. The inner scale alters the scintilla-
tion index for all Rytov values.

7.3 Gaussian-Beam: Beam Wander

Beam wander associated with a propagating finite beam in the atmosphere has consequences on
several characteristics of the beam irradiance in the plane of an Rx, including the short-term
and long-term spot size, and the scintillation index. The total beam-wander variance along a
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horizontal path is given by (r2) =2.42C2L3W, which is related to centroid wander by
(%) = 0.56(r?). Beam wander occurs along horizontal paths or along uplink slant paths if the
beam is not tracked.

Perhaps the most important consequence connected to beam wander is the increase in the
scintillation index. It has been shown that beam-wander-induced scintillation can be modeled
by adding the term 4.420§A§46612,e /W2 to the scintillation index given by Eq. (47) using
Eq. (57), i.e.,

0.51¢62
02,(0.1) = 4426300 2 [an Ip) — 6% 4 (lo. Lo) + G ] 1, (66)
Il( ) ST W%T 1 X( 0) 1 X( 0 0) (1 +0,696é2/5)5/6

where 6 acts as a type of pointing error described by

2W2 /2552 1/6
o = (|1 - (Ze/Bn )T (©7)
1+ 2W2/2512

The parameters Agr and Wqr are defined by Egs. (58) and (60), respectively. For the remain-
der of this paper, we will assume that the FSOC terminal has tip/tilt tracking capabilities.

7.4 Gaussian-Beam: Aperture Averaging Effect

In the presence of the inner and outer scales, the tip/tilt-tracked scintillation index in the detector
plane equals

7 iptin(Pre) = €xp[of, x (Drys lo) = 61y x(Drys Lo Lo) + 63, y (Dgy)] = 1. (68)

In Eq. (68), we have

O x(Dreslo) <QRX —A>2<l_l@+ l@2>( NxaQi )7/6
0496% QRX+A 3 2 5 ”Xd+Ql

12 7712

x [1 +1.75 <L) ~0.25 <L> ] : (69)

Nxa+ Qi Nxa+ Qi

O x(Pre-lo. Lo) _ (Qre = A\ (1 1 16+ 152 (1xa0€s 776
0496% QRX + A 3 2 5 Nxdo + Ql
MTxdo 12 xdo /2
X [1+1.75 ( ) —-0.25 (7) , (70)
[ Nxao + Qi Nxao + Qi
1.276%7,"/°

0y y(Dpes o) = 1)

140401y /(Qpe + A1)’

_ el (1 1 1, _\6/7]1
nx = |0.38/(1 —3.218 + 5.920%) +0.476%0, —0+ -0 /(1+2.200) ,

3 2 5
(72)
and
ny = 3(or/06)' > (1 +0.6955") (73)
where 1x40 = 1xaQ0/ (1xa + Qo)s Mxa = nx/[1 +0.40nx(2 — ©,)/(Qg, + A;)] and
o 28GR [ BWy/25rE Ve -
pe Wi 1+ 2w2252) |

The example in the Sec. 8 will utilize these equations.
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8 Bit Error Rate Analysis Example

The electrical SNR for a horizontal FSOC link in turbulence is written as

Pr.(I") i (1")?
SNR, (I') » 2 2= 2, 2 2 2’ (75)
(NEPg4)* +07(Dr)(I(0,R))>  (NEPu)* 407 (D1y) Q7 (1(0, R))
SNR*(17)?
= 5 () 55 - (76)
1 + 07 (D14)SNR;
where
QI = yrx}’fiberArxSRDP- 77
and
P2, R))A,SRpp)?
SNRY® » avg (7rx< (0 )) xS DP) _ Q%<I(0,R)>2, (78)

(NEPy,)? (NEPy)?

as the signal and background shot noise typically are much less than system noise. The extra term
in the SNR denominator comes from the fact that the noise variance from the turbulence-
degraded intensity is written as

Gﬁoise—turb < turb(o R)> < (O’R)>2 = <I(0’R)>6%(O’ R) = <I(O’R)>6%(Dtx)v (79)

where 67(0, R) is the scintillation index. In these equations, we have replaced ¢%(0, R) with
6%(D,,), the power scintillation index that accounts for aperture averaging. Let us now inves-
tigate its calculation.

The BER for a differential phase shift key (DPSK) communications system in the absence of
turbulence is given by

BER = 0.5 erfc(\/SNRe /2), (80)

where erfc(x) is the complementary error function.

Assuming tip/tilt correction, the unconditional BER in the presence of turbulence-induced
beam wander should be averaged with respect to the DPSK BER to yield the average BER.
It is written as

SNRY*(1')
BER 0.5 / Pin 1( erfC \/_\/ 1+ GI DTX SNRWS) dr’ (81)

where 62(D,,) is the power scintillation index and py, ;(I') is the log-normal (LN) PDF, which is

given as
! In(I) +0.56% (D)2
plnl(ll):— exp{_[n( )+2 O-lnl( rx)} } (82)
1’ 27[0-12n1(Drx) 201nI(Drx)

with 63, ;(Dgx) = In[1 + 67 (Dg,)], which is valid in the weak-to-moderate intensity fluctuations
regimes when the receiver aperture is large.***!

Let us assume a horizontal 1.5 km, DPSK FSOC link where the transmitter and receiver
terminals are located at an elevated height above the ground. If the turbulence has a refractive
index structure parameter C2(hy) at the transmitter/receiver altitude 4, equals 1074 m=2/3 with
an 3 mm inner scale and an 5 m outer scale, the resulting average BER as a function of the
system-noise-limited SNR for uncoded and selected Reed-Solomon coded data streams* is
shown in Fig. 18(a). Also exhibited in the figure is the required free-space electrical SNR of
16.94 dB for a required BER of 107!, This figure clearly shows that the uncoded data stream
does not meet the required BER for all system-noise-limited SNRs. However, a Reed—Solomon
RS (255,247) code gives the required or better BER for SNRs > 15 dB.

If C2(hy) = 5 x 1071* m~2/3, the resulting BER plot is depicted in Fig. 18(b). This figure
clearly shows that the uncoded data stream again does not meet the required BER for all system-
noise-limited SNRs and a Reed—Solomon RS (255,231) code gives the required or better BER for
SNRs greater than 15 dB.
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Fig. 18 BER as a function of the system-noise-limited SNR for uncoded and selected Reed-

35
Solomon Coded data streams for (a) C2(hy) = 10714 m=2/3, (b) C2%(hy) = 5x 10714 m=2/3,
(c) C%(ho) =103 m=2/3, and (d) C%(hy) =5x 1073 m=2/3,

If C2(hy) = 1 x 1073 m™/3, one has a refractive index structure parameter level commen-
surate with 5xHufnagel-Valley turbulence (85% CDF level), and the resulting BER plot is
depicted in Fig. 18(c). This figure clearly shows that its power scintillation index is just slightly

smaller than the C%(hg) = 5 x 10~'* m™2/3 power scintillation index and the Reed—Solomon RS
(255,231) code still gives the required or better BER for SNRs greater than 15 dB.

If C2(hy) = 5 x 10713 m™2/3, the resulting BER plot is depicted in Fig. 18(d). This figure

clearly shows that its power scintillation index is smaller than the C%(h,) = 10~'* m~%/3 power

scintillation index and the Reed—Solomon RS (255,239) and RS (255,231) codes still give the
required or better BER for SNRs greater than 15 dB. As it turns out at this point, increasing the

refractive index structure parameter gives an even smaller power scintillation index. This is

because the scintillation and the power scintillation indices both decrease as the Rytov variance
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moves out of the focusing regime. This was seen in earlier figures. The Rytov variances 6% equal
0.419, 2.09, 4.182, and 20.9 for refractive index structure parameters 10714 m=2/3;
5% 107 m=2/3; 10713 m=2/3; and 5 x 10~'3 m~2/3, respectively. In our case, the power scin-
tillation peaks around Rytov variances between 2 and 4 and decreases for larger variances.
Referring to the previous figures, using an RS (255,231) code will allow the DPSK system
to meet or exceed the required BER for all expected turbulence conditions. The penalty is that
the information rate is now 90.6% of the system data rate.

9 Summary

This paper provides a tutorial describing the various scintillation index and power scintillation
index that follow the type of performance depicted in Fig. 1. Specifically, this paper developed
the scintillation indices for SATCOM downlink, SATCOM uplink, and atmospheric slant path
and horizontal communications link geometries, which also included tracking, untracked, and
aperture averaging receiver effects. These scintillation index equations are valid for turbulence
conditions covering weak to strong intensity fluctuations. Example figures showed that the
focusing and saturation effects were created by the inner and outer scales parts of the equations
tempering the rising Rytov variance in the scintillation indices. The inner scale dominated the
creation of the scintillation index profiles in the focusing regime, whereas the outer scale domi-
nated the creation of the scintillation index profiles in the saturation regime. An example analysis
was performed using this information. The conclusion was that no matter whether the detection
system is incoherent or coherent and/or which signaling format is used, the scintillation indices
will have peak values for some particular C2(h,) and L values as those entities increase. This
means that the deep turbulence system performance may be more easily achieved because of the
peaking of those entities in that regime.
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