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Abstract. A better understanding of stress effects that affect the bending losses in active and
passive optical fibers allows us to improve fiber system designs and helps to optimize refractive
index profiles in high power, large mode area laser fibers. Bending an optical fiber affects the
light in a fiber core by two different phenomena. First, the curved shape of the waveguide
changes the light propagation. The second phenomenon is the refractive index change caused
by the mechanical stress in a bent optical fiber. The refractive index changes due to bending
stresses are estimated by the elasto-optic and stress-optic models. The light propagation in a
curved waveguide can be modeled by applying the electromagnetic wave theory together with
the conformally transformed refractive index profiles that include the stress effects. The modeled
refractive index profiles that include the bending stress-induced index changes are compared
with the refractive index profiles that were measured from actual bent optical fibers. We tested
if this comparison would allow us to estimate stress-optic coefficient C2 values in stress-optic
model. Measured bend loss values are compared to the bend loss values simulated with the
modeled refractive index profiles. © The Authors. Published by SPIE under a Creative Commons
Attribution 4.0 International License. Distribution or reproduction of this work in whole or in part
requires full attribution of the original publication, including its DOI. [DOI: 10.1117/1.OE.61.12.126106]
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1 Introduction

Bending stress-induced refractive index changes are estimated using the elasto-optic and stress-
optic models. The refractive index profiles are calculated with both models. To improve the index
profile estimations, we will use mixed elastic modulus values for doped waveguide glass.

A virtual refractive index profile that simulates a curved waveguide can be calculated using
conformal transformation. The conformal transformation can be applied also to a refractive index
profile of a waveguide already containing the bending stress-induced refractive index change.
The conformally transformed refractive index profile can be used for simulating the bending
losses of optical modes in a bent optical fiber.

2 Conformal Transformation of Refractive Index Profiles

In this article, a curved waveguide refers to an unstressed curved waveguide and a bent fiber
refers to a bent waveguide with stress effects. A curved fiber can be represented by a radius of
curvature and by the refractive index profile nðxÞ of the waveguide, where x is a radial coordinate
in the fiber core.

Conformal transformation is a coordinate transformation that preserves the angles. Most
models of curved dielectric waveguides apply conformal transformation, where the index profile
of a curved waveguide is transformed into a modified index profile in a straight waveguide. So,
the effect of curving, affecting the light, is simulated by a modified index profile of a waveguide.

*Address all correspondence to Pauli Kiiveri, pauli.kiiveri@nLight.net

Optical Engineering 126106-1 December 2022 • Vol. 61(12)

https://orcid.org/0000-0001-9558-6849
https://doi.org/10.1117/1.OE.61.12.126106
https://doi.org/10.1117/1.OE.61.12.126106
https://doi.org/10.1117/1.OE.61.12.126106
https://doi.org/10.1117/1.OE.61.12.126106
https://doi.org/10.1117/1.OE.61.12.126106
https://doi.org/10.1117/1.OE.61.12.126106
mailto:pauli.kiiveri@nLight.net
mailto:pauli.kiiveri@nLight.net
mailto:pauli.kiiveri@nLight.net


The conformal transformation (of an index profile) that models the curvature effect of a wave-
guide, is based on locally invertible complex analytic functions.1,2

Conformal transformation (conformal mapping) is a general method that can be used, e.g.,
for transforming a curved waveguide to a straight waveguide, where simpler simulation algo-
rithms can be used to study the properties of the waveguide. The conformal transformation is
based on the mathematical properties of complex plane. The transformation itself is an exact, not
an approximative method, so the solutions of Maxwell’s equations in a non-transformed wave-
guide and in a transformed waveguide are equal.

We need a coordinate transformation between the coordinates (x; y) in a curved physical

waveguide, where the radial coordinate r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
is given relative to the center of the cur-

vature in a curved waveguide and coordinates (x 0; y 0) that are given relative to the center of the
waveguide in a virtual straight waveguide, see Fig. 1. When a waveguide, like an optical fiber,
has a circular symmetry, the applied conformal coordinate transformation between the coordi-
nate x 0 in a straight fiber and the radial coordinate r in a curved fiber is

EQ-TARGET;temp:intralink-;e001;116;565x 0 ¼ R ln

�
r
R

�
; (1)

where x is a coordinate in a curved waveguide system, where x ¼ y ¼ 0 in the center of the

curvature. r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
is a radial coordinate in the curved waveguide relative to the center

of curvature, (notice, if y ¼ 0 then r ¼ x). R is a distance between the center of the curvature and
the center of the waveguide, i.e., radius of curvature. x 0; y 0 are coordinates in a straight wave-
guide with x 0 ¼ 0 in the center of the waveguide.

If r ∼ R, then Taylor approximation of the x 0 in Eq. (1) is

EQ-TARGET;temp:intralink-;sec2;116;446x 0 ≈ r − R:

Radial coordinate r in the curved waveguide can be solved from Eq. (1), where r ¼ 0 at the
center of the curvature.

EQ-TARGET;temp:intralink-;e002;116;390r ¼ Re
x 0
R : (2)

The original refractive index profile nðrÞ of a curved physical waveguide is conformally
transformed as a modified index profile ncðx 0Þ in a virtual straight waveguide. The transformed
index profile ncðx 0Þ is given by a product1,3

EQ-TARGET;temp:intralink-;e003;116;319ncðx 0; RÞ ¼
���� dudw

���� · nðrÞ; (3)

where the complex variables are u ¼ xþ iy and w ¼ x 0 þ iy 0.

Fig. 1 A coordinate x in a curved waveguide and a related coordinatex 0 in a straight waveguide.1,2

Kiiveri et al.: Refractive index profiles and propagation losses in bent optical fibers

Optical Engineering 126106-2 December 2022 • Vol. 61(12)



Because of the rotation symmetry of the curved waveguide system, we can study the curved
and straight waveguides at the positions where y ¼ 0 and y 0 ¼ 0. Then the values of the complex
variables are u ¼ x ¼ r and w ¼ x 0. Thus, using Eq. (3) and coordinate transformation in Eq. (2)

EQ-TARGET;temp:intralink-;sec2;116;699jdu∕dwj ¼ dx∕dx 0 ¼ dr∕dx 0 ¼ ex
0∕R:

The conformal transformation ncðx 0Þ, in Eq. (3), of the original refractive index profile nðrÞ,
is

EQ-TARGET;temp:intralink-;e004;116;642ncðx 0; RÞ ¼ e
x 0
R · nðrÞ: (4)

Equation (4) gives a virtual index profile nCðx 0; RÞ in a straight waveguide that simulates the
curving of a waveguide. An index profile ncðx 0; RÞ is a conformal transformation of the original
refractive index profile nðxÞ of a waveguide without stresses

EQ-TARGET;temp:intralink-;e005;116;571nCðx 0; RÞ ¼ e
x0
RnðxÞ ≈

�
1þ x 0

R

�
nðxÞ; (5)

where nðxÞ is the original refractive index profile of a waveguide and
x 0 ¼ R lnðrRÞ ≈ r − R, when r ∼ R. We can use a Taylor approximation ð1þ x 0

RÞ in Eq. (5),

if x 0
R ≪ 1:
The light transmission in a curved waveguide is simulated (e.g., with a semivectorial beam

propagation method) using a conformal mapping of the original refractive index profile nðxÞ of
the waveguide. The transformed profile ncðx 0; RÞ is given in Eq. (5), with the coordinate x 0 ¼ 0

at the center of the waveguide. After conformal transformation, e.g., an originally constant
refractive index profile nðxÞ in a bent waveguide will increase on the outer side and decrease
on the inner side of the transformed waveguide as shown in Fig. 2.

Conformal transformation of a bent, cylinder symmetric optical fiber allows to use simple
methods of solving the Maxwell equations. The results, including bending stresses in the input,
should be similar as would be found, e.g., by applying the finite-element method (FEM)4 for the
same fiber. When using the cylinder symmetry of the system and conformal transformation, one
can simplify and speed up the waveguide simulations without losing accuracy.

2.1 Conformal Transformation of Bending Stress Induced Refractive Index
Profiles

Bending induces tensile stress on the outer side and compressive stress on the inner side of a bent
fiber. Stress-induced refractive index changes have opposite sign compared with the virtual index
changes due to curving of the waveguide.

We can use the elasto-optic (EO) or the stress-optic (SO) model to estimate the radial index
profile change due to bending-induced stresses. The selection between the two models depends
on the available material parameter data for the optical fibers. If the same material parameter data

Fig. 2 (a) A step index refractive index profile and (b) the effect of conformal transformation.
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will be converted from one model to the other, the calculated refractive index changes will be
identical in both models.

3 Elasto-optic Model for Bending Stress Induced Refractive Index
Changes

3.1 Bending Stress Induced Refractive Index Changes

Let us study a circular waveguide having an originally unstressed radial refractive index profile
nðxÞ. The bending stress induced elasto-optic (EO) refractive index change ΔnEOðx; λ; RÞ in that
waveguide is2

EQ-TARGET;temp:intralink-;e006;116;596ΔnEOðx; λ; RÞ ¼ −
n2SiO2ðλÞ

2
½p12 − vðp11 þ p12Þ�

�
x
R

�
nðx; λÞ; (6)

where p11 is an elasto-optic Pockels’ coefficient, p12 is an elasto-optic Pockels’ coefficient,
nðx; λÞ is the unstressed index profile of the waveguide. The value nðx; λÞ varies as a function
of the radial position in the fiber. ΔnEOðx; λ; RÞ is the stress-induced index change in the elasto-
optic model, nSiO2ðλÞ is the refractive index of undoped and unstressed SiO2 at the applied wave-
length λ. x is the radial coordinate in the waveguide with x ¼ 0 in the center of the waveguide. R
is the bending radius of the waveguide.

Some elasto-optic coefficients are listed in Table 1. Slightly different sets of Poisson’s ratio
(ν) and elastic modulus (E) values for fused silica are given in the references.5–8 We will use the
values given in Ref. 5 for SiO2.

A coefficient k is defined in Eq. (7). It is used only to shorten the equations where it will be
applied. Using the values of EO-coefficients p11; p12, and Poisson’s ratio ν for SiO2 given in
Table 1, the value of the coefficient k in SiO2 glass at λ ¼ 630 nm is

EQ-TARGET;temp:intralink-;e007;116;406k ¼ −
n2SiO2ðλÞ

2
½p12 − vðp11 þ p12Þ� ¼ −0.21858: (7)

The bending stress-induced index profile nEOðxÞ, Eq. (8), in the elasto-optic stress model,2 is
a sum of the original unstressed profile nðx; λÞ and stress-induced index change ΔnEOðx; λ; RÞ
given in Eq. (6):

EQ-TARGET;temp:intralink-;e008;116;326

nEOðx; λ; RÞ ¼ nðx; λÞ þ ΔnEOðx; λ; RÞ

¼ nðx; λÞ − n2SiO2ðλÞ
2

½p12 − vðp11 þ p12Þ�
�
x
R

�
nðx; λÞ

¼ nðx; λÞ þ k

�
x
R

�
nðx; λÞ; (8)

where nðx; λÞ is the refractive index profile of an unstressed straight waveguide.
The index profile nEOðx; λÞ in Eq. (8) does not yet include the conformal transformation that

will be needed to model the curvature effect.

Table 1 Elasto-optic (EO) coefficients in the Handbook of
Optics 1995, Table 17.5

p11 ¼ 0.121 at 630 nm

p12 ¼ 0.270 at 630 nm

v ¼ 0.164

ESiO2
¼ 72.6 GPa
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The refractive index of SiO2 is n ¼ 1.4572 at 630 nm.9 The refractive index nðλÞ at other
wavelengths can be calculated using the Sellmeier equation. 10,11

We can calculate the refractive index profile of a bent waveguide including the elasto-optic
effect. The stress-induced index change ΔnEOðx; λ; RÞ in Eq. (6), becomes as

EQ-TARGET;temp:intralink-;e009;116;687ΔnEOðx; λ; RÞ ¼ k

�
x
R

�
nðx; λÞ: (9)

The refractive index profile with bending stress-induced index change, but without conformal
transformation, is

EQ-TARGET;temp:intralink-;sec3.1;116;618nEOðx; λ; RÞ ¼ nðx; λÞ þ ΔnEOðx; λ; RÞ.

Using the ΔnEOðx; λ; RÞ value in Eq. (9), the stress induced refractive index profile becomes
as

EQ-TARGET;temp:intralink-;e010;116;562nEOðx; λ; RÞ ¼
�
1þ k

�
x
R

��
nðx; λÞ: (10)

The two effects, unstressed curving of a waveguide and bending induced stresses modify
the refractive index profile to opposite directions: curving moves the electromagnetic field to
the direction away from the center of the curvature. So, it virtually increases refractive index
at the outer edge of the core. The bending induced stresses increase the refractive index value in
the core in inner side of the curvature and decrease the refractive index at the outer side of the
curvature, see Fig. 3. When combined, these two phenomena will have opposite effects on the
refractive index profile.

The stress-induced index change ΔnEOðx; λ; RÞ in Eq. (9) has an opposite sign (since k is
negative) compared to the virtual index change ðx 0

RÞnðxÞ caused by curving of the waveguide.
This (curvature related) virtual index profile was calculated using the conformal transformation
nCðx; λ; RÞ ¼ ð1þ x

RÞnðx; λÞ in Eq. (5). The size of the bending stress-induced index change is
about 22% of the curving related transformation effect of the same waveguide. The stress-
induced index change partly compensates for the virtual refractive index change due to curving
of the waveguide, see Eq. (15).

3.2 Conformal Transformation of Elasto-optic Refractive Index Profiles

All the refractive index values are wavelength dependent even when we do not have written it
explicitly in the following equations. We will apply the conformal transformation of a curved
waveguide, given in Eq. (5), to the bending stress-induced elasto-optic refractive index profile

Fig. 3 Stresses and the stress-induced index profile in a bent optical fiber.
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nEOðx; λ; RÞ in Eq. (10). This gives us the virtual, conformally transformed refractive index pro-
file nCEOðx; RÞ in a bent waveguide containing stresses

EQ-TARGET;temp:intralink-;e011;116;711nCEOðx; RÞ ¼
�
1þ x

R

�
nEOðxÞ ¼

�
1þ x

R

�
½nðxÞ þ ΔnEOðx; RÞ�; (11)

where nðxÞ is a refractive index profile of a straight fiber and ΔnEOðx; RÞ is the refractive index
change due to bending induced stresses.

Inserting the ΔnEOðxÞ from Eq. (6) into Eq. (11), we have the conformally transformed index
profile of a bent fiber

EQ-TARGET;temp:intralink-;e012;116;619nCEOðx; RÞ ¼
�
1þ x

R

��
nðxÞ − n2SiO2

2
ðp12 − vðp11 þ p12ÞÞ

�
x
R

�
nðxÞ

�
: (12)

Using the coefficient k defined in Eq. (7), this is

EQ-TARGET;temp:intralink-;e013;116;560

nCEOðx; RÞ ¼
�
1þ x

R

��
nðxÞ þ k

�
x
R

�
nðxÞ

�

¼ nðxÞ þ k

�
x
R

�
nðxÞ þ

�
x
R

�
nðxÞ þ k

�
x
R

�
2

nðxÞ: (13)

We can remove the small, second-order term kðxRÞ2nðxÞ. Then the refractive index profile
nEOðx; RÞ, including curving and stress effects, is

EQ-TARGET;temp:intralink-;e014;116;460nCEOðx; RÞ ¼
�
1þ ð1þ kÞ

�
x
R

��
nðxÞ; (14)

where nðxÞ is the original refractive index profile of a straight fiber, and k is defined in Eq. (7).
Equation (14) gives the virtual refractive index profile nCEOðx; RÞ of a curved waveguide with

bending stress. In Eq. (14), we can identify the combined refractive index change ΔnCEOðx; RÞ
due to the curvature and stresses

EQ-TARGET;temp:intralink-;e015;116;367ΔnCEOðx; RÞ ¼ ð1þ kÞ
�
x
R

�
nðxÞ: (15)

Applying the refractive index value n ¼ 1.4572 of SiO2 at 630 nm in Eq. (7) and using
Eq. (14) gives the virtual refractive index nCEOðx; RÞ of a curved SiO2 waveguide including
stresses

EQ-TARGET;temp:intralink-;e016;116;285

nCEOðx; RÞ ¼ nðxÞ þ ΔnCEOðx; RÞ

¼
�
1þ 0.7838

�
x
R

��
nðxÞ: (16)

Equation (16) is a conformal transformation of a refractive index profile of a bent silica fiber
including stresses by the elasto-optic model. Equation (16) is based on the SiO2 material param-
eters and is thus missing dopant material effects.

3.3 Effective Bending Radius in the Elasto-optic Model

Using the nCEOðx; RÞ in Eq. (12) and the elasto-optic coefficients p11 and p12, we can define an
equivalent bending radius Reff , which includes the curving and stress effects, similarly as has
been done in Ref. 2. Effective bending radius includes a multiplier for the real bending radius R
of the fiber. The multiplier is a short way to indicate how much the material dependent stress
effects change the refractive index of a bent optical fiber. Using Eqs. (5) and (12) we can write
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EQ-TARGET;temp:intralink-;e017;116;735

nCEOðx; ReffÞ ¼
�
1þ x

Reff

�
nðxÞ

¼
�
1þ x

R

��
1 −

n2

2
½p12 − vðp11 þ p12Þ�

�
x
R

��
nðxÞ: (17)

Solving Reff from Eq. (17) and removing the small second-order terms ðxRÞ2 the effective
bending radius is

EQ-TARGET;temp:intralink-;e018;116;644Reff ¼
Rh

1 − n2
2
ðp12 − vðp11 þ p12ÞÞ

i : (18)

Substituting the elasto-optic p11 and p12 values of undoped silica, given in Table 1, into
Eq. (18), and using the refractive index value n ¼ 1.4572 (SiO2 at 630 nm), the effective bending
radius in Eq. (18) is

EQ-TARGET;temp:intralink-;e019;116;556Reff ¼ 1.280R: (19)

This is the effective bending radius of a pure SiO2 waveguide. The effective bending radius,
Reff ¼ 1.280R, is derived using conformal mapping and stress-induced index change in the
elasto-optic model.

Using the effective bending radius Reff ¼ 1.280R of a SiO2 waveguide, the conformally
transformed elasto-optic model (CEO) in Eq. (16) can be written with an expression similar
to the conformal mapping in Eq. (5)

EQ-TARGET;temp:intralink-;e020;116;452nCEOðx; RÞ ¼
�
1þ x

Reff

�
nðxÞ ¼

�
1þ x

1.280R

�
nðxÞ: (20)

The nCEOðxÞin Eq. (20) is the virtual refractive index profile of a bent optical fiber including
the elasto-optic stress effect. It can be used in the fiber simulations if doping effects can be
neglected.

4 Stress-optic Model for Bending Stress Induced Refractive Index
Changes

Alternatively, the stress induced refractive index change can be calculated also using the stress-
optic (SO) model9 instead of the elasto-optic model.2 The stress-optic model has been studied
e.g., in the references.9,12–15

4.1 Stress-optic Coefficients

Stress-optic model applies the stress-optic coefficients C1 and C2 that will be related to the
elasto-optic coefficients in Eq. (28). By using the coefficients C1 and C2, we can calculate the
radial, tangential and axial components of the stress-induced index change in the fiber core. The
three refractive index components calculated with the stress-optic coefficients are9

EQ-TARGET;temp:intralink-;e021;116;193nrðxÞ ¼ nðxÞ − C1ðxÞσrðxÞ − C2ðxÞ½σθðxÞ þ σzðxÞ�; (21)

EQ-TARGET;temp:intralink-;e022;116;150nθðxÞ ¼ nðxÞ − C1ðxÞσθðxÞ − C2ðxÞ½σrðxÞ þ σzðxÞ�; (22)

EQ-TARGET;temp:intralink-;e023;116;128nzðxÞ ¼ nðxÞ − C1ðxÞσzðxÞ − C2ðxÞ½σrðxÞ þ σθðxÞ�; (23)

where σrðxÞ; σθðxÞ; σzðxÞ are the radial, tangential, and axial stresses as a function of the radial
position x. nðxÞ is the refractive index of unstressed glass at a radial position x.

We will assume that bending of a fiber will cause only axial stress so that σθ ¼ 0 and σr ¼ 0.
Using these values in Eq. (21), we can calculate the radial refractive index change nr for the
linearly polarized mode LP01

Kiiveri et al.: Refractive index profiles and propagation losses in bent optical fibers

Optical Engineering 126106-7 December 2022 • Vol. 61(12)



EQ-TARGET;temp:intralink-;e024;116;735Δnr ¼ nr − n ¼ −C2σz: (24)

When modeling higher-order optical modes that have tangential or axial field components,
one will also need the other stress-induced index change componentsΔnθ andΔnz of a bent fiber

EQ-TARGET;temp:intralink-;sec4.1;116;688Δnθ ¼ −C2σz; Δnz ¼ −C1σz:

The values of C1 and C2 in SiO2 glass with refractive index n are5

EQ-TARGET;temp:intralink-;sec4.1;116;644C1 ¼
n3

2
· 4.4710−7∕MPa ¼ 0.688 · 10−6∕MPa

and

EQ-TARGET;temp:intralink-;sec4.1;116;590C2 ¼
n3

2
· 2.836 · 10−6∕MPa ¼ 4.39 · 10−6∕MPa:

In some sources C1 and C2 values have not been multiplied with n3∕2, but instead n3∕2 is
included in the formulas of refractive index changes.

4.2 Relations between Elasto-Optic and Stress-Optic Coefficients

Applying Hooke’s law,16 σzðxÞ ¼ EðxÞðΔsðxÞs Þ; in a bent fiber we can calculate the elastic modu-
lus EðxÞ:17

EQ-TARGET;temp:intralink-;e025;116;457EðxÞ ¼ σzðxÞ
ðΔsðxÞs Þ

¼ σzðxÞ
ð2πxα
2πRαÞ

¼ σzðxÞ
ðxRÞ

; (25)

where α is the bending angle, ΔsðxÞ is the change of the length due to bending of the fiber, s is
length of the bent fiber, x is the radial distance from the center of the fiber, σzðxÞ is the local axial
bending stress, and R is the radius of curvature of the fiber.

It is useful to have a conversion between the elasto-optic and stress-optic coefficients. We can
define matrix elements s11 and s12

18

EQ-TARGET;temp:intralink-;sec4.2;116;349s11 ¼
1

E
; s12 ¼ −

v
E
:

The relations between the elasto-optic (p11; p12) and stress-optic coefficients (C1; C2) are
given in Refs. 9 and 18:

EQ-TARGET;temp:intralink-;e026;116;283C1 ¼
n3

2
ðs11p11 þ 2s12p12Þ; (26)

EQ-TARGET;temp:intralink-;e027;116;228C2 ¼
n3

2
½s11p12 þ s12ðp11 þ p12Þ�; (27)

where n is a refractive index of an unstressed material at a given wavelength.
Using Eqs. (26) and (27) and the elasto-optic values given in Ref. 5, p11 ¼ 0.121 and

p12 ¼ 0.270, we can calculate the stress-optic coefficients C1 and C2 in a silica fiber
EQ-TARGET;temp:intralink-;e028;116;170

C1 ¼
n3

2E
ðp11 − 2vp12Þ ¼ 0.688 · 10−6∕MPa

C2 ¼
n3

2E
ðp12 − vðp11 þ p12ÞÞ ¼ 4.388 · 10−6∕MPa: (28)

When elasto-optic and stress-optic coefficient values are related by Eq. (28), the two models
will give identical values for the stress-induced index changes. We will use the C1 and C2 values
given in Eq. (28) in the stress-optic model for undoped SiO2.
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Similarly, we can also solve the elasto-optic coefficients p11 and p12 using the stress-optic
coefficients C1 and C2 from Eqs. (26) and (27).

EQ-TARGET;temp:intralink-;e029;116;711p11 ¼
2

n3
ðs11 þ s12ÞC1 − 2s12C2

ðs11 þ 2s12Þðs11 − s12Þ
; (29)

EQ-TARGET;temp:intralink-;e030;116;655p12 ¼
2

n3
s11C2 − s12C1

ðs11 þ 2s12Þðs11 − s12Þ
. (30)

5 Bending Stress Induced Refractive Index Changes
in the Stress-optic Model

With the stress-optic coefficient value C2 ¼ 4.388 · 10−6∕MPa and the elastic modulus value
E ¼ 72.6 GPa of SiO2, we can calculate the bending induced refractive index change
ΔnSOðxÞ using Eqs. (24)–(32). Equation (24) gives the radial refractive index change

EQ-TARGET;temp:intralink-;e031;116;550ΔnSOðxÞ ¼ ΔnrðxÞ ¼ −C2ðxÞσzðxÞ: (31)

From the elastic modulus [Eq. (25)], we can solve the bending induced axial stress at a radial
position x

EQ-TARGET;temp:intralink-;e032;116;494σzðxÞ ¼
x
R
EðxÞ: (32)

Then, the stress induced refractive index change in Eq. (31) is

EQ-TARGET;temp:intralink-;e033;116;442ΔnSOðxÞ ¼ −C2ðxÞEðxÞ
�
x
R

�
: (33)

The refractive index nSOðxÞ, by the stress-optic model, at a radial position x, including the
stress-induced index change ΔnSOðxÞ, is

EQ-TARGET;temp:intralink-;e034;116;372

nSOðxÞ ¼ nðxÞ þ ΔnSOðxÞ

¼ nðxÞ − C2ðxÞEðxÞ
�
x
R

�
: (34)

The refractive index profile nSOðxÞ in the stress-optic model without conformal transforma-
tion, is

EQ-TARGET;temp:intralink-;e035;116;286nSOðxÞ ¼
�
1 −

C2E
nðxÞ

�
x
R

��
nðxÞ; (35)

where nðxÞ is the original index profile of an unstressed fiber.
Using the values of undoped silica, ESiO2 ¼ 72.6 GPa and C2 ¼ 4.388 · 10−6∕MPa,5 we will

have C2E
n ¼ 0.2186. The stress-optic model result nSOðxÞ in Eq. (35) can be compared to the

result nEOðxÞ of the elasto-optic model given in Eq. (10). Due to the relations Eqs. (26) and
(27) between the elasto-optic and stress-optic coefficients, the multipliers of the term ðx∕RÞ
in Eqs. (8) and (35) have equal values.

5.1 Conformal Transformation of Refractive Index Profiles
in the Stress-Optic Model

A conformal transformation given in Eq. (5) can be applied to the bending stress induced refrac-
tive index profile nSOðxÞ that is given in Eq. (34). This transformation will give a refractive index
profile nCSOðxÞ of a curved waveguide including bending stress-induced index changes
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EQ-TARGET;temp:intralink-;e036;116;735

nCSOðxÞ ¼
�
1þ x

R

��
nðxÞ − C2ðxÞEðxÞ

�
x
R

��

¼ nðxÞ − C2ðxÞEðxÞ
�
x
R

�
þ
�
x
R

�
nðxÞ − C2ðxÞEðxÞ

�
x
R

�
2

: (36)

Removing the small, second-order term −C2EðxRÞ2, we will have

EQ-TARGET;temp:intralink-;e037;116;656nCSOðx; RÞ ¼
�
1þ nðxÞ − C2ðxÞEðxÞ

nðxÞ
�
x
R

��
nðxÞ: (37)

If the necessary data is available, we should use mixed C2mixðxÞ values given in Eq. (43), for
doped cores and substitute the elastic modulus value EðxÞ in Eq. (37) with the EmixðxÞ given in
Eq. (43) to model the doping effects.

5.2 Effective Bending Radius of Conformally Transformed
Stress-Optic Index Profiles

The conformally transformed stress-optic index profile, nCSOðxÞ in Eq. (37), can be written also
with the effective bending radius Reff , as

EQ-TARGET;temp:intralink-;e038;116;500nCSOðx; RÞ ¼
�
1þ x

Reff

�
nðxÞ; (38)

where

EQ-TARGET;temp:intralink-;e039;116;444Reff ¼
nðxÞ

nðxÞ − C2E
R: (39)

If we use C2 ¼ 4.388 · 10−6∕MPa and E ¼ 72.6 GPa of undoped SiO2 glass, then
C2E ¼ 0.31854. By approximating nðxÞ ¼ 1.4572 in Eq. (39), we can calculate an effective
bending radius Reff , in the conformally transformed stress-optic refractive index model CSO, as

EQ-TARGET;temp:intralink-;e040;116;361Reff ≈
1.4572

1.4572 − 0.31854
R ¼ 1.280R: (40)

Thus, the conformally transformed stress-optic index profile nCSOðx; RÞ in Eq. (38), without
doping effects, is

EQ-TARGET;temp:intralink-;e041;116;295nCSOðx; RÞ ¼
�
1þ x

1.280R

�
nðxÞ: (41)

We can compare Eq. (41), given by the conformally transformed stress-optic model with
Eq. (20) given by the conformally transformed elasto-optic model, where nCEOðxÞ ¼
ð1þ x

1.280RÞnðxÞ. The effective bending radius values are equal, as expected: Reff ¼ 1.280R
in the CEO model and in the CSO model.

5.3 Effective Bending Radius in the Elasto-optic and Stress-optic Models

The refractive index profile and effective bending radius equations in the elasto-optic and stress-
optic models are summarized in Table 2.

An effective bending radius Reff of a fiber does not depend on the stress model we will use.
Equation (39) for effective bending radius Reff;CSO, which was derived using the stress-optic
model, is equal to Eq. (18) for Reff;CEO derived using the elasto-optic model. This can be seen
easily
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EQ-TARGET;temp:intralink-;e042;116;611

Reff;CSO ¼ n
n − C2E

R ¼ n

n
�
1 − 1

n C2E
	R ¼ 1

1 − n3
2n ðp12 − vðp11 þ p12ÞÞ

R

¼ 1

1 − n2
2
ðp12 − vðp11 þ p12ÞÞ

R ¼ Reff;CEO; (42)

where C2E was solved from Eq. (28).

6 Defining Material Constants E and C2 of Doped SiO2 Glass

6.1 Measuring Stress-optic Coefficient C2(x) in a Bent Optical Fiber

The values of the elastic modulus EðxÞ and stress-optic coefficient C2ðxÞ depend on the doping
concentrations. They can be calculated for the doped SiO2 glass using the Emix and C2mix

values13

EQ-TARGET;temp:intralink-;e043;116;423EmixðxÞ ¼ Σn
i aiðxÞEiðxÞ (43)

EQ-TARGET;temp:intralink-;sec6.1;116;380C2mixðxÞ ¼ Σn
i aiðxÞC2iðxÞ;

where aiðxÞ are the (vol%) concentrations of the dopant materials, EiðxÞ are the elastic modulus
values of the pure dopant materials, and C2iðxÞ are the stress-optic coefficient values of the pure
dopant materials. n is the number of different materials in the glass.

If we can measure the value ΔnSOðxÞ in Eq. (33), and if we know the EmixðxÞ of the glass, we
can estimate the values of C2mixðxÞ in a doped glass solving Eq. (33) without knowing the C2i

values of pure dopant materials

EQ-TARGET;temp:intralink-;e044;116;298C2mixðxÞ ¼ −
R
x
ΔnSOðxÞ
EmixðxÞ

: (44)

The relation in Eq. (44) allows us to find out the stress-optic coefficient values C2mixðxÞ if we
can measure the bending stress-induced index change ΔnSOðx; RÞ of a fiber and calculate the
EmixðxÞ values of the same fiber.

This method works better with large values of x. Calculated C2mixðxÞ results have high varia-
tion near the center of the fiber where x-coordinate approaches zero.

If we know the elastic modulus Ei and stress-optic values C2i of the dopant materials (see
Table 3) and the dopant concentrations in the SiO2 glass, we can calculate the mixed elastic
modulus value Emix and mixed stress-optic coefficient C2mix of doped silica using Eqs. (43).
However, there exist differences between the published Ei and C2i

values.

Table 2 Conformally transformed refractive index profiles nCEOðx; RÞ from Eq. (12) in the elasto-
optic model and nCSOðx; RÞ from Eq. (37) in the stress-optic model.

Model Refractive index profile Effective bending radius

Stress-optic nCSOðx; RÞ ¼ ð1þ nðxÞ−C2ðxÞEðxÞ
nðxÞ ðxRÞÞnðxÞ Reff ¼ n

n−C2E
R

Elasto-optic nCEOðx; RÞ ¼ ð1þ x
RÞ½nðxÞ − n2

2 ðp12 − vðp11 þ p12ÞÞðxRÞnðxÞ� Reff ¼ R
½1−n2

2 ðp12−vðp11þp12ÞÞ�
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7 Stress Induced Refractive Index Profiles of Bent Optical Fibers

7.1 Measured and Modelled Index Profiles of Bent Fibers

We measured refractive index profiles ΔnðxÞ of straight fibers and profiles Δn 0ðxÞ of the same
fibers when they were bent (see Figs. 4 and 5). The measurement was done with an IFA-100
profiler in straight and bent optical fibers. The measured refractive index profiles of the bent
fibers include stress induced refractive index changes, but not the virtual refractive index
changes, that the light experiences when it travels in curved optical fibers.

We adjusted the combined C2mixðxÞEmixðxÞ values when simulating the bending stress-
induced index profiles using Eq. (37). The C2mixðxÞEmixðxÞ values were selected so that the
simulated stress-optic index profiles nCSOðx; RÞ matched with the measured index profiles of
bent fibers.

Figure 5 shows matched refractive index profiles of an Al2O3 doped fiber.
If we know the glass material composition, we can calculate the elastic modulus EmixðxÞ

values. Then we can estimate the values of the stress-optic coefficients C2mixðxÞ from the mea-
sured bent fiber index profile ΔnSOðxÞ using Eq. (44).

The value of the effective bending radius Reff in Eq. (39) can be calculated if we can calculate
or measure the combined C2mixðxÞEmixðxÞ values. The C2mixðxÞEmixðxÞ values can be studied
experimentally by matching the modeled stress-induced index profile nSOðx; RÞ in Eq. (35) with
the measured refractive index profile of a bent fiber. This is done in Figs. 4 and 5.

Fig. 4 Simulated (with C2E ¼ 0.232 in the core and C2E ¼ 0.295 in the cladding) and measured
stress induced refractive index profiles of a GeO2 doped bent fiber (bending R ¼ 30 mm).

Table 3 Examples of E , Poisson’s ratio ν and C2 values of some glass materials.

Glass material Elastic modulus ν C2∕MPa−1a References

SiO2 72.6 GPa 0.164 4:39 · 10−6 5

Al2O3 177 GPa 0.25 — 19

Al2O3 — — 0:37 · 10−6 20

GeO2 45.0 GPa 0.212 6:86 · 10−6 20

aC2 values are calculated using Eq. (28) and ν, p11, and p12 values given in Refs. 5 and 20.
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7.2 Estimating Stress-Optic Coefficients C2

Elastic modulus depends only on doping materials, and EmixðxÞ can be calculated using known
or measured glass material composition data. Thus C2mixðxÞ can be solved if the radial
ΔnstraightðxÞ and ΔnbentðxÞ values in the equation

EQ-TARGET;temp:intralink-;sec7.2;116;400C2mixðxÞEmixðxÞ ¼
R
x
½ΔnstraightðxÞ − ΔnbentðxÞ�;

can be measured accurately enough.
We can estimate the C2mixðxÞEmixðxÞ values by minimizing the value of the difference

between the measured and modeled refractive index profiles. The C2mixðxÞEmixðxÞ are the values
that minimize the difference:

EQ-TARGET;temp:intralink-;sec7.2;116;311

Z
b

a
ðnmeasðxÞ − nmodðxÞÞ2dx;

where a and b define the radial distance where the dopant concentration is constant.
We studied C2ðxÞ values of SiO2 in the cladding area of 16 fibers with different geometries.

This study gave a value C2 ¼ ð4.5� 0.8Þ10−6∕MPa. The average value is near the C2 value
given for SiO2 in Table 3, but it has large uncertainty. In the core area the analyzed
C2mixðxÞ values had even higher variation. It will be necessary to improve the bent fiber meas-
urement technique to decrease the variation especially in the core area.

7.3 Challenges to Define C2i Values

The applied refractive index measurement device is not designed to measure bent fiber refractive
index profiles. The refractive index measurement accuracy near the center of a bent fiber was not
good enough. Since the analyzed doped areas were near the center of the fiber, the C2mixðxÞ
values in that area had high variation. Also, low dopant material concentrations decrease the
accuracy of defining C2i values of the individual dopant materials.

Fig. 5 Simulated (with C2E ¼ 0.56 in the core and C2E ¼ 0.302 in the cladding) and measured
stress induced refractive index profiles of an Al2O3 doped bent fiber (bending R ¼ 30 mm).
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8 Simulated and Measured LP01 Bend Loss Values

Figure 6 shows two simulated and one measured bend loss curve of an active fiber as a function
of a bending radius. We transformed conformally a refractive index profile of that fiber including
bending stresses but without dopant material contribution. That index profile was used in bend
loss simulations. Another bend loss simulation was done with the index profile of the same fiber,
but this time with the bending stresses that were modified by dopant materials using C2mix and
Emix values.

The simulated values are closer to the measured values when the doping materials are
included in the stress model.

It is possible to improve bend loss simulations by using a virtual refractive index profile
including stress effects based on dopant materials instead of simulating a refractive index profile
with stress effects based on an undoped SiO2 fiber.

9 Summary

We calculated refractive index profiles of bent optical fibers using elasto-optic and stress-optic
models. These two models are mathematically equal. In the bent fiber simulations, we applied a
more accurate refractive index model that combines conformal transformation of a curved wave-
guide with bending stress-induced index changes of doped glass. Using known or measured
dopant material concentrations or using measured refractive index profiles of bent fibers we
can improve our bend loss estimations.

10 Conclusions

We applied elasto-optic and stress-optic models to estimate refractive index changes in bent
optical fibers. We derived formulas for conformally transformed elasto-optic and stress-optic
refractive index profiles for bent optical fibers. They are given in Eqs. (14) and (36) and in
Table 2. The two models are equal when the material coefficients are calculated using the same
input data. Conformal mapping of the index profile is an effective method to analyze a curved
circular waveguide and it enables a simple way of combining the bending stress effects with the
input data.

In the simulations, one can use a linear mixture of the published C2 and E values for esti-
mating the C2mix and Emix values of the doped glass materials. When the doping materials are
included in the stress models, simulated bend loss values are closer to the measured values. More
accurate input data improves the simulation results independent of the method that is used to
solve the Maxwell equations.

Fig. 6 Measured bend loss values compared to two simulated bend loss curves of a large mode
area fiber.
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