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Abstract. We describe how to use Markov chain Monte
Carlo simulation �MCMC� to accurately estimate the outage
probability of the optical communication system compen-
sated by higher-order optical polarization mode dispersion
�PMD� compensators. Markov chain fiber channel samples
can drastically reduce the number of simulations required to
estimate the outage probability of the compensated systems
to 10−6 or less. Using MCMC, the efficiency of our proposed
higher-order optical PMD compensator is proved further, and
the accuracy of MCMC is affirmed. © 2006 Society of Photo-Optical
Instrumentation Engineers.
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As the bit rate and the transmission distance of optical
fiber communication systems continue to increase, the sig-
nal distortion caused by polarization mode dispersion
�PMD� in optical fiber channels is becoming a major limi-
tation of system performance improvement. Optical com-
pensators are effective to reduce the system degrading ef-
fects caused by PMD.1 Recently, we proposed a new
higher-order optical PMD compensator in Ref. 2 where the
outage probability �the probability of the PMD-induced bit
error rate �BER� exceeding the allowed value 10−12� is used
to evaluate the efficiency of our proposed compensator. Us-
ing standard Monte Carlo �MC� simulation to produce the
optical fiber channel samples,2 the outage probability of the
compensated systems is estimated down to less than 10−3.
In practical system design, one demands that the PMD-
induced outage probability is typically 10−6 or less. Esti-
mating the outage probability of the compensated systems
down to extremely low values can give the system designer
more meaningful information. Using MC as the simulation
tool cannot meet this requirement because an extremely
large number of system configuration samples must be pro-
duced to obtain a reliable estimate.

Markov chain Monte Carlo �MCMC� simulation can
provide a fast and accurate estimate of outage probability
down to extremely low values. MCMC is based on a series
fi0091-3286/2006/$22.00 © 2006 SPIE
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f Markov chain fiber channel samples and the simulated
nnealing algorithm introduced by Metropolis et al.3–5 Sec-
ndini et al. have applied this approach to evaluate the
utage probability in the first-order compensated system.6

n this letter, the application of MCMC to accurately esti-
ating the outage probability of the optical communication

ystem compensated by higher-order optical PMD compen-
ators is described. Markov chain fiber channel samples can
rastically reduce the number of simulations required to
alculate the outage probability of the compensated sys-
ems down to extremely low values. Using MCMC, we
stimate the outage probability of the optical system com-
ensated by our proposed higher-order optical PMD com-
ensator down to 10−7. Our proposed compensator always
utperforms the referenced higher-order optical compensa-
ion scheme. The accuracy of MCMC is affirmed, too.

The principle states of polarization �PSPs� and the dif-
erential group delay �DGD� in the fiber channel that deter-
ine the PMD effects in the optical communication system

re described by the PMD vector.1 The frequency-
ependent PMD vector can be defined in terms of a Taylor
xpansion in angular frequency �. Second-order PMD is
ecided by the change of DGD with wavelength �PCD� and
he rotation of PSPs with frequency �PSP depolarization�.1
CD does not contribute significantly to the system degrad-

ng caused by second-order PMD.1,7 The frequency-
ependent eigenvector of the transmission matrix of the
MD-dominated fiber channel tends to process at a nearly
onstant PSP depolarization rate within a certain limited
andwidth. Compensating the PSP depolarization within
ertain limited bandwidth around the carrier frequency can
itigate the higher-order PMD degrading effects

ffectively.2,8 Based on this theory, we proposed the new
igher-order optical PMD compensator, which requires a
impler control algorithm than that for the typical higher-
rder optical PMD compensators and can always have bet-
er performance than first-order optical compensators.2 The
ransmission matrix of the proposed higher-order optical
ompensator is described in detail in Ref. 2.

The PMD-induced outage probability Pout of the system
an be described as:

out = �
−�

0

I�X�p�X�dX . �1�

=log10�E�, where E is the BER of the optical system. I�X�
s the indicator function. I�X�=u�X+12�, where u�·� is the
nit step function. p�X� is the probability density function
pdf� of X. In order to estimate the PMD-induced Pout of
he system, a series of system configuration samples de-
cribing the PMD effects in the fiber channel must be pro-
uced. We use a concatenation of M birefringent fibers with
andom rotation relative to each other as the optical fiber
hannel model.9 In Ref. 2, the fiber channel samples are
roduced by MC. The length of each birefringent segment
j is randomly generated from a Gaussian distribution and
he rotation angle � j is a uniformly distributed random vari-
ble in �0,2�� �Ref. 9�. We also consider the temperature
uctuations along the fiber. The phase angle change � j is
dded to the transmission signal in each birefringent
egment,9 and it is uniformly distributed in �0,2��. So the

ber channel model is decided by�L ,� ,��
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= �l1 , l2 , . . . , lM ,�1 ,�2 , . . . ,�M ,�1 ,�2 , . . . ,�M�, with the
random vectors L= �l1 , l2 , . . . , lM� ,�= ��1 ,�2 , . . . ,�M�, and
�= ��1 ,�2 , . . . ,�M�. X= f�L ,� ,�� and the produced
samples X1 ,X2 , . . . ,XN used to estimate Pout are indepen-
dent of each other.

Now we use MCMC to produce the PMD-dominated
optical fiber channel samples. The main idea of the MCMC
method is to rely on dependent Markov chain sequences,
which have a limiting distribution corresponding to a dis-
tribution of interest.4 A simulated annealing algorithm is
used to produce the required Markov chain samples Xi’s. In
order to cause large DGD events to occur more frequently,
the Markov chain �Xi� is produced according to the biased
pdf p*�X� instead of p�X� with p*�X��eX/T �Refs. 3 and 4�
i=1,2 , . . . ,N, where N is the number of samples produced.
Increasing the number of outage events can reduce the
number of simulations required. We can choose p*�X�
=Cp�X�eX/T �Ref. 6�. C is a constant, and T is the tempera-
ture determining the probability enhancement of outage
events. The samples Xi’s are decided by the three random
vector samples Li’s, �i’s, and �i’s. That is, Xi
= f�Li ,�i ,�i� with Li= �li1 , li2 , . . . , liM� ,�i

= ��i1 ,�i2 , . . . ,�iM�, and �i= ��i1 ,�i2 , . . . ,�iM�. Starting

from L1 ,�1, and �1�X1 is determined�, generate L̃i+1 , �̃i+1,

and �̃i+1 from L̃i+1=Li+�Li , �̃i+1=�i+��i, and �̃i+1=�i
+��i, where �Li= ��li1 ,�li2 , . . . ,�liM� ,��i

= ���i1 ,��i2 , . . . ,��iM�, and ��i= ���i1 ,��i2 , . . . ,��iM�
are the random perturbations with Gaussian distribution in-
dependent of Li ,�i, and �i.

The corresponding sample X̃i+1= f�L̃i+1 , �̃i+1 , �̃i+1� can
be calculated from the produced fiber channel sample. By
simulated annealing algorithm,3,4 the fiber channel samples
�Li’s, �i’s, and �i’s� and the Xi’s �BER samples� are ac-
cepted as follows:

Xi+1 = �
Xi �Li+1 = Li, �i+1 = �i, �i+1 = �i� ,

with probability 1 − 	

X̃i+1 �L̃i+1 = L̃i, �i+1 = �̃i+1,�̃i+1 = �̃i+1� ,

with probability 	 ,

�2�

with 	=min�exp�X̃i+1−Xi /T� ,1�. In our simulations,
�lij ,��ij, and ��ij are all random variables with zero
Fig. 1 Outage probability �a� and relative accu
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ean values. The variance of �lij is �0.3l̄*
X�2 /M. The

verage length l̄ of the birefringent fiber element decides
he mean DGD of the system when the PMD coefficient of
he fiber channel is determined. The variances of ��ij and
�ij are both ��*
X�2 /M. Here 
X means the average step
oving in the X space.
The Markov chain �Xi� produced using the method

bove has a limiting pdf of p*�X� as N is increasing.3,4

rom Eq. �1�, Pout can be estimated6 using the produced

amples Xi’s by P̂out=	i=1
N I�Xi�e−Xi/T /	i=1

N e−Xi/T. The param-
ter N used in simulations is controlled by the relative ac-

uracy 
pout
/ P̂out �Ref. 6�. 
pout

is the standard variance of
he outage probability and is estimated5,6 by the produced
equence �Xi�. The generation of samples is stopped when
he desired accuracy is reached. Step 
X and temperature T
re important parameters to determine the convergence and
ccuracy of the result curves. As suggested in Refs. 4 and 6,
he acceptance rate defined as the number of accepted
amples divided by N and the outage rate defined as the
umber of outage samples divided by N are used to check
he validity of the values of 
X and T. In each simulation,
he acceptance rate4,6 should be around 0.23, and the outage
ate6 should be around 0.5.

In the simulations, we launch 40 Gb/s 27−1 PRBS se-
uences with raised cosine NRZ pulses into the same opti-
al communication system model used in Ref. 2, while the
ptical fiber channel samples and the BER samples are gen-
rated by MCMC as suggested earlier in this letter. The
arameter M is 50 in our simulations.

In Fig. 1, the curves of P̂out and the relative accuracy
ersus the number of fiber channel samples used in simu-
ations are given when the optical communication system is
ompensated by our proposed higher-order optical PMD
ompensator2 and the mean DGD of the channel normal-
zed to the bit time is 0.3. A fast convergence can be ob-
erved in the figure. About 30 000 fiber channel samples
re used when the relative accuracy is reduced to 0.1. If
C is used to estimate the outage probability, about 107

ber channel samples should be produced to guarantee the
ame accuracy.6 In fact, MC can estimate Pout only down to
0−4. The superiority of MCMC is obvious compared with
C. All the outage probability values calculated by
CMC in our simulations are determined when the corre-
racy �b� versus number of samples N.

July 2006/Vol. 45�7�
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sponding relative accuracies are approximately reduced to
0.1.

We use MCMC to prove the efficiency of our proposed
higher-order optical PMD compensator further also by
comparison with the higher-order compensation scheme of
Shtaif et al.2,10 In Fig. 2, the curves of the outage probabil-
ity versus the mean DGD of the fiber channel normalized to
the bit time are given when the input power of the system is
−22.6 dBm. Estimated by MCMC, the outage probability
values of the system compensated by our proposed higher-
order optical compensator are shown as circles, and the
outage probability values of the system compensated by the
referenced higher-order optical compensator are shown as
squares. In order to prove the accuracy of MCMC, some
outage probability values of the compensated system esti-
mated using the system configuration samples2 produced by
MC are also shown in Fig. 2. �Stars: compensated by our
proposed optical compensator; crosses: compensated by the
referenced optical compensator.� We can see a good agree-
ment between the two simulation tools. MCMC can esti-
mate the outage probability down to 10−7. In Fig. 2, we can

Fig. 2 Outage probability versus normalized mean DGD. PC de-
notes our proposed higher-order optical PMD compensator.2 RC de-
notes the referenced higher-order optical PMD compensator.2,10
Optical Engineering 070505-3
lso see that our proposed higher-order compensation
cheme always has better performance. As analyzed in Ref.
, in order to give a fair and creditable comparison, the
alues of the variable parameters to control the higher-
rder optical compensators are not optimized. The opti-
ized controlling parameters can ensure the higher-order

ptical compensators to have better performances.
In this letter, we describe how to use MCMC to accu-

ately estimate the outage probability of the optical com-
unication system compensated by higher-order optical
MD compensators. The efficiency of our proposed higher-
rder optical PMD compensator is proved further using
CMC as the simulation tool to estimate the outage prob-

bility down to extremely low values �10−7�. The accuracy
nd superiority of MCMC are also affirmed.

cknowledgments

he authors would like to thank Mr. Marco Secondini for
aluable discussions on MCMC.

eferences

1. I. Kaminow and T. Li, Optical Fiber Telecommunications IVB, Aca-
demic Press, San Diego �2002�.

2. C. Yang and Z. Wang, “A new optical compensator for higher-order
polarization mode dispersion in optical fiber channel,” Opt. Eng.
45�2�, 020502 �2006�.

3. N. Metropolis, A. W. Rossenbluth, M. N. Rossenbluth, and A. H.
Teller, “Equation of state calculations by fast computing machines,”
J. Chem. Phys. 21�6�, 1087–1092 �1953�.

4. C. P. Robert and G. Casella, Monte Carlo Statistical Methods,
Springer, New York �1999�.

5. W. K. Hastings, “Monte Carlo sampling methods using Markov
chains and their applications,” Biometrika 57, 97–109 �1970�.

6. M. Secondini and E. Forestieri, “All-order PMD outage probability
evaluation by Markov chain Monte Carlo simulations,” IEEE Photo-
nics Technol. Lett. 17�7�, 1417–1419 �2005�.

7. G. Biondini and W. L. Kath, “Polarization-dependent chromatic dis-
persion and its impact on return-to-zero transmission formats,” IEEE
Photonics Technol. Lett. 17�9�, 1866–1868 �2005�.

8. H. Koelnik, L. E. Neison, and J. P. Gordon, “Emulation and inversion
of polarization-mode dispersion,” J. Lightwave Technol. 21�2�, 482–
495 �2003�.

9. A. O. Dal Forno, A. Paradisi, R. Passy, and J. P. von der Weid,
“Experiment and theoretical modeling of polarization-mode disper-
sion in single-mode fibers,” IEEE Photonics Technol. Lett. 12�3�,
296–298 �2000�.

0. M. Shtaif, A. Mecozzi, M. Tur, and J. A. Nagel, “A compensator for
the effects of high-order polarization mode dispersion in optical fi-
bers,” IEEE Photonics Technol. Lett. 12�4�, 434–436 �2000�.
July 2006/Vol. 45�7�


